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EXAMPLES OF ASYMPTOTIC ¢; BANACH SPACES

S. A. ARGYROS AND I. DELIYANNI

ABSTRACT. Two examples of asymptotic £1 Banach spaces are given. The first,
Xu, has an unconditional basis and is arbitrarily distortable. The second, X,
does not contain any unconditional basic sequence. Both are spaces of the
type of Tsirelson’s.

INTRODUCTION

A Banach space (X, | - ||) is A-distortable (A > 1) if there exists an equivalent

norm | - | on X such that, for every infinite dimensional subspace Y of X,
ly|
swp {51 .2 €, ol = s =1} 2 A

X is abitrarily distortable if it is A-distortable for every A > 1.

The first example of an arbitrarily distortable Banach space was constructed by
Th. Schlumprecht in [Schl]. Schlumprecht’s space was the starting point for the
construction by W.T. Gowers and B. Maurey of a Banach space not containing an
unconditional basic sequence (u.b.s.) [G-M] and for the examples, due to W.T.
Gowers, of a Banach space not containing ¢1, ¢ or a reflexive subspace [G1] and of
a space without u.b.s. but with an asymptotically unconditional basis [G2].

A rapid development of the theory of Banach spaces followed the examples of
Schlumprecht and Gowers-Maurey. We mention some results.

The notion of a hereditarily indecomposable Banach space was introduced in
[G-M] and a new dichotomy property for Banach spaces regarding this notion was
proved by Gowers [G3]. The remarkable answer to the distortion problem for ¢, by
E. Odell and Th. Schlumprecht, namely the result that the spaces ¢, 1 < p < oo,
are arbitrarily distortable, also makes use of Schlumprecht’s space. Finally, these
results led to a new interest in the asymptotic structure of Banach spaces [Mi-To],
[Ma-Mi-To].

It is well known (R.C. James, 1964, [J]) that ¢; and ¢q are not distortable. On the
other hand, it follows from a result of Milman ([Mi], 1971) and from [O-Schl] that a
Banach space not containing ¢ or #; contains a distortable subspace. However, the
answer to the following question is still unknown. Does every Banach space contain
either ¢y or ¢; or an arbitrarily distortable subspace? It is proved in [Mi-To] that if
X does not contain an arbitrarily distortable subspace then X has an asymptotic ¢,
subspace (for some 1 < p < 00) or an asymptotic ¢y subspace. We recall the defini-
tion of this notion: A Banach space with a normalized basis {ex}5> is asymptotic
¢, (resp. asymptotic co) if there exists a constant C' such that for every n there
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exists N = N(n) such that every sequence (x;)!_, of successive normalized blocks
of {ex}?2; with N < supp x1 < supp 22 < --- < supp &, is C-equivalent to the
canonical basis of £;; (resp. cy). B. Maurey [Ma] has proved that an asymptotic £,
space with an unconditinal basis which does not contain ¢} uniformly is arbitrarily
distortable. In view of these results, a major class of spaces for which the distortion
situation needs to be elucidated is the class of asymptotic /1 spaces. Note that it is
unknown whether Tsirelson’s space T' contains an arbitrarily distortable subspace.
So the following question was raised ([G2]).

Does there exist an asymptotic ¢; arbitrarily distortable space?

In the first part of the present paper we give a positive answer to this question.
In particular, we give an example of an arbitrarily distortable asymptotic £; Banach
space X, with an unconditional basis.

Our construction has as starting point Tsirelson’s celebrated example of the
reflexive Banach space T' not containing any ¢, . We recall, following T. Figiel and
W. Johnson [F-J], the definition of Tsirelson’s norm. Let 0 < § < 1. On ¢ (the

space of finitely supported sequences) we define implicitly the norm || - ||z by
n
[[#]l7 = max { |20y sup 6y IEixIT} ;
i=1
where the “sup” is taken over all families {E1, Fs, ..., E,} of finite subsets of N

such that n < Fy < Fy < --- < E,,. Tsirelson’s space is an asymptotic ¢; space.

We consider the following generalization of Tsirelson’s example. Let M be a
family of finite subsets of N closed in the topology of pointwise convergence. A
finite sequence {E;}7_; of finite subsets of N is said to be M-admissible if there
exists a set F' = {ki,...,kn} € M such that

ki <Ei<ky<Ey<---<k,<E,.

Let 0 < @ < 1. The Tsirelson type Banach space T|M, 6] is the completion of c¢qg

under the norm || - || am,¢ which is defined by the following implicit equation:
n
lzllae = maX{||$|oo7 supd ) |Ez'$|/vt70} ;
i=1

where the “sup” is taken over all n and all M-admissible sequences {E;}?_;. It is
clear that Tsirelson’s original space is T[S, 0] where S is the Schreier family defined
by

S={F:FCN,#F <minF}.

Consider A,, = {F : F C N,#F < n}. S. Bellenot, [B], has proved the following
result: For every 1 < p < oo and n > 2 there exists 0 < 6 < 1 such that T[A,, 0]
is isomorphic to £,. The spaces T[F¢, 6] (the generalized Schreier families Fe,
¢ < wi, introduced in [Al-Ar], are defined in 1(c) below) were introduced by the
first named author in order to prove the following result: For every £ < w; there
exists a reflexive Banach space T¢ such that every infinite dimensional subspace of
T¢ has Szlenk index greater than & (preprint, 1987). The general spaces T[M, 6]
were defined in [Ar-D].

The space X, that we present here is defined using a “mixed Tsirelson’s norm”.
Norms of this type are defined by sequences {M,,}22 ; and {6,}5; such that each
M, is a family of finite subsets of N closed in the topology of pointwise convergence
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and 0 < 6, < 1, lim;,—o 0, = 0. The norm in the space T[(My, 0,)2 ;] is defined

n=1
by
=l = maX{llzloo, sup {Hk sup y IIEMI}} ,

i=1
where the inner “sup” is taken over all n and all My-admissible families (F1, ...,
E,). It is easy to see that if the Schreier family S is contained in one of the families
M,, then the space T'[(M,,0,)5,] is asymptotic £!. X, is a space of the form
T[(Mp,0,)52 ] where (M,,)$2, is a subsequence of the sequence of the generalized
Schreier families (Fy,)n<w-

In the second part of the paper we give an example of an asymptotic £; Banach
space X which does not contain any unconditional basic sequence. In fact, X is
hereditarily indecomposable. The question about the existence of such a space
appears in [Ma] and [G2]. X is constructed via X,, in a way similar to the one used
in [G-M] to pass from Schlumprecht’s space to the Gowers-Maurey space. The basic
idea for this comes from the fundamental construction by Maurey and Rosenthal
[Ma-R] of a weakly null sequence without an unconditional basic subsequence.

Although our approach is different from that of Schlumprecht, Gowers and Mau-
rey, it seems that the ingredients needed for the proofs are similar. So, for example,
the semi-normalized (e, j)-special convex combinations correspond to £} vectors
and the rapidly increasing (e, j)-s.c.c.’s correspond to sums of rapidly increasing
sequences.

1. PRELIMINARIES

(a) Tsirelson type spaces

In [Ar-D] a space T'[M, 6] has been defined, where M is a family of finite subsets
of N closed in the topology of pointwise convergence and 6 a real number with
0<0<1l

We recall that definition. Given M as above, a family (Ey,...,E,) of suc-
cesive finite subsets of N is said to be M-admissible if there exists a set A =
{m1,...,mp} € M such that m; < By <mg < Ey < --- <my < E,. The norm
on the space T[M, 0] is defined implicitly by the formula

2] = max{||z]lo, Osup Y _ || Bz}
i=1
where the ‘sup’ is taken over all n and all M-admissible (E1,... , E,).
It is known that if the Cantor-Bendixson index of M is greater than w, then the
space T[M, 0] is reflexive. In 1.1 we prove a somewhat more general result.
(b) Mixed Tsirelson norms
Let {Mj}72, be families of finite subsets of N such that for each k:

(a) My, is closed in the topology of pointwise convergence.
(b) My is adequate, i.e. if A € My and B C A then B € Mj,.
(¢) The Cantor-Bendixson index of My, is greater than w.

Let {6:}%2, be a sequence of positive reals with each 6, < 1 and lim 6, = 0.
Then the mixed Tsirelson norm defined by (My, 6x)52, is given by the implicit

relation
n
|lz|| = max{|x||oo,stlip {Hk Supz |Elx||}} ,

=1
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where the inside “sup” is taken over all M-admissible families E1,... , E,.
The Banach space defined by this norm is denoted by T'[(Mp, 0x)52,]-

1.1. Proposition. The space X =T [(My,01)72,] is reflexive and {e,}52; is a
1-unconditional basis for X.

Proof. The proof is similar to the original proof of Tsirelson in [T]. We first give
an alternative definition of the norm of X.

We define inductively the following sets:

K° = {+e, :n € N}.
Given K*,

KSH:KSU{Hk(f1+---+fd}):keN,deN,fieKS,izl,... d,
supp f1 <supp fo < --- <supp fq and
the set {supp fi,... ,supp fa} is My-admissible } )

Finally, we set

K= QKS.

Note that K is the smallest subset of B., which contains *e,, for all n € N and
has the property that 6x(f1 + --- + f4) is in K whenever fi,...,fq € K and
{supp f1,...,supp fq} is My-admissible.

For x € cgg we define

lz]| = sup (z, f).
fekK

Then X is the completion of (cgp, || - ||)-

It is easy to see that {e,}5°; is a 1-unconditional basis for X.

To show that X is reflexive, we have to show that the basis {e,, }5° ; is shrinking
and boundedly complete.

(a) {en}52; is a shrinking basis for X.

Let 6 = maxy 0 < 1. For f € X* and m € N, denote by Q,,(f) the restriction
of f to the space generated by {ex}r>m. It suffices to prove the following: For
every f € Bx~ there is m € N such that Q,,(f) € 6Bx«. Recall that Bx~ = co(K)
where the closure is in the topology of pointwise convergence. We shall first prove
the following:

Claim. For every f € K there is m such that Q,,(f) € 0 co(K).

To prove this, let f € K and let { f"}°2; be a sequence in K converging pointwise
to f.

If f* € K for an infinite number of n, we have nothing to prove. So suppose
that for every n there are k, € N, aset {m7,... ,mj } € My, and vectors f]' € K,
i=1,...,d, such that m{ < supp f' <mjy <supp f3' <--- <my <supp f7
and f" = Ok, (ff" +--- + fi ). If there is a subsequence of {0, } converging to 0,
then f = 0. So we may suppose that there is a k such that k, = k for all n, i.e.
Gkn =0 and {m?, . ,m;‘n} € M.

Since My, is compact, substituting {f™} with a subsequence we get that there is
aset {m1,...,mq} € My such that the sequence of indicator functions of the sets
{mf,...,my } converges to the indicator function of {my,... ,ma}. So, for large
n, m{ =m;, i =1,...,d, and mg,; — 00 as n — oo.
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Passing to a further subsequence of ()22, we get that there exist f; € K,
i=1,...,d, with supp f; C [m;,mit1), i =1,...,d —1, and supp fq C [mg, o0)
such that fI — f; pointwise for j = 1,... ,d. We conclude that f = 0x(f1+- -+ fa),
80 Qmy(f) =0k fa € O co(K). -

The proof of the claim is complete. In particular we get that K is a weakly
compact subset of ¢g.

By standard arguments we can now pass to the case of Bx» = co(K).

(b) {en}524 is a boundedly complete basis for X.

Suppose on the contrary that there exist € > 0 and a block sequence {z;}32; of
{en}52, such that sup,, || i @;|| <1 while ||lz;]| > efori=1,2,....

Choose ng € N such that ngf; > % Using the fact that the ng + 1-derived
set of M is non-empty, one can choose a set {mq,... ,mp,} € M; and a subset
{xi, 152, of {x;}52, such that

myp < supp &, < Mg < supp i, < --- < My < SUPP T, -
Then

no
E xik
k=1

a contradiction and the proof is complete.

no
>0 Z i, |l > nobhe > 1,
k=1

(c) Generalized Schreier families

The Schreier family S is the set of all finite subsets of N satisfying the property
#A < min A. It is easy to see that this family is closed in the topology of pointwise
convergence.

1.2. Definition. Given M, N, families of finite subsets of N which are closed in
the topology of pointwise convergence, the M operation on N is defined as

M[N]_{FCN:F_UE-, seN, F,eN,i=1,...,s, and
i=1
there exists a set {mi,... ,ms} € M such that

my < Fy <m2<F2<---<mS<FS}.

MIN] is a family of finite subsets of N which is closed in the topology of pointwise
convergence.

1.3. Definition. The generalized Schreier families { F¢ }¢<.,, are defined as follows:
Fo={{n}:neN},
Fey1 = S[Fel.
For ¢ a limit ordinal we let {£,}52; be a fixed sequence strictly increasing to &
and set
Fe={ACN:n<minAand A e F, }.

The families {F¢}e<w, have been introduced in [Al-Ar].
Remark. Tt is easy to see that for &,& < wj there exists £ < w; such that
Fe, [Fe,) C Fe. In particular, for m,n € N, F,[Fp] = Frim.-

In the sequel, we will only make use of the families F,,, n < w.
We present now some properties of the families F,, n = 1,2,..., which are
important for our constructions.
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1.4. Lemma. Let n € N and F = {s1,82,... ,84} C N with 81 < s3 < -+- < 84.
Suppose that F € F,. If G = {t1,ta,... ,t,} C N is such that t; < ts < - - < t,,
r<dands, <t, forp=1,2,...,r, then G € F,,.

This can be easily proved by induction on n.

1.5. Proposition. Let n € N, € > 0. Denote by | - |, the norm of the space
T[Fn, %] There exists m > n such that for every infinite subset D of N there exists
a set F C D with F € Fp, and a convex combination x = ), p are; with {ai}ier
decreasing and such that |z|, < €.

We first prove the following.

1.6. Lemma. Lett > 1, € > 0, D be an infinite subset of N. There exists a set
FeF, FCD, and a conver combination x = ZleF are; such that

i) {aitier is in decreasing order,

ii) For every G in Fy_1, Y jcqa < €.

Proof. The proof is by induction on ¢.

For t =1, ¢ > 0, we choose ng > % and F' C D with |F| = ng and ng < F. The
vector x = nlg > e € has the desired properties.

Suppose that we know the result for t. We prove it for t+1. Let ng > % Choose
successively vectors x and integers ng, k = 1,... ,ng, such that:

For £k = 1,... ,n9, nx > 2ni_1 and xj is a convex combination of the form
Tp = ZleAk aje;, where
(a) A, CcDnN (nk_l, nk] and Ay € Fy,
(b) {ai}ica, is decreasing and, for k > 2, maxje 4, a; < minjea,_, ai,
(c) For every B € F;_1 we have Y. gy a1 < 50

2ng 1"

Set F = ;2 Ay and z = n% >or2, k. Then x has the desired properties.
Indeed, F' € Fy11 and the coefficients are in decreasing order. To prove (ii) let G €
Fi. Then G = |J;_, G; for some s € N and sets G;, i = 1,...,s, with G; € F,_4
and s < Gy < Gy < -+ < G5. Let kg > 1 be such that ng,—1 < min(GNF) < ng,.
Then s < ng, and

Sa - Y ar Y Y Y a

leG 1€GN A, E>ko+1i=1 l€GiNAy
s ng 1

< 1+ § 5 <1+ 7‘) E — < 2.
Nk— n
E>hot1 k1 E>ko | E

Thus, nlo > e @1 < €. This completes the proof.

Proof of Proposition 1.5. Choose I such that 2% < 5 and set m = In+1. Using the
previous lemma, choose a convex combination z = Zke p age such that ' C D,
F e F, and ZkeG ap < 5 for every G € Fp,—1. We claim that x is the desired

vector. Indeed, let K be the norming set corresponding to the space T'[F,, %] as it is

defined in the proof of Proposition 1.1. Let ¢ € K. Set L = {k € N : [p(k)| > & }.
Then L € F,,_1. To see this, notice first that ¢|L belongs to K', the set obtained at
the [-th stage of the construction of K. Now, one can prove by induction on [ that
for every f € K' supp f isin Fp., = Ful--- [Fn] -] (I-times). So L € Fi.,, = F_1.
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Therefore,

IN

@) < |@IL)@)| + |@IL))]

The proof is complete.

2. THE SPACE X,

We choose a sequence of integers {mj} o such that mp = 2, and, for j = 1,2,.
mj > m; 111. Inductively, using Proposition 1.5, we choose two subsequences
{Fs; 1520 and {Fy, }520 of {Fn}nZ, such that

( ) ko = S0 = 1

(ii) For every n =1,2,..., F,, has the following property:

For every infinite subset D of N there exist a set F' € F;, and a decreasing
convex combination x = )", aje; such that |z|g, , < E‘il:’

(iii) For every n > 1, k,, = I, - (s, + 1), where [, is such that 2= > m,,. So,
Frp = Fsps1l - [Fspt1] -] (I times).
We set M; = Fy;, j=0,1,..., and define X, by

1 o0
(MJ’ m—)] '

J
2.1. Notation. For j =0,1,... we denote by | - ||; the norm of T [(M L) }

)
m
™/ n=0

X, =T

and by || - || the corresponding dual norm.

Remark. Notice that since M,, C Fy;, n=0,...,j, and 2 =mg < --- < my, we

have that, for every x € coo, ||z|; < |2[x;, where | - [, is the norm of T' [fk], 1].

2.2. Definition. Given ¢ > 0 and j =0,1,..., an (¢, j)-basic special convex com-
bination ((e, j)-basic s.c.c.) is a vector of the form ), _ . arey such that F' € M;,
ai > 0, ZkeF ap =1, {ak}kep is decreasing and H ZkeF akekHj_l < €.

Remark. By the choice of s; in the definition of X and the previous remark we
get that for every j, every

an (e, j)-basic s.c.c. of the form ZkeF arer, where ' € F,, and F C D

To fix notation, we repeat the definition of the set K of functionals that define
the norm of the space X,,.

For j=0,1,..., weset K] = {+e, :n € N}.

Assume that {K 7122, have been defined. Then we set

K" = U K} and, for every j,
i=0
n+1 n 1 :
K™ = KFU ——(fi+-+ fa): {supp fi <--- <supp fa} is
J

M -admissible and f1,..., fq belong to K"

Set K =J,~ o K™
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The norm || - || on X, is
2]l = sup {f(z) : f € K}.
Notation. For j =0,1,... we denote by A; the set

A;=J K}
n=1
That is, A; consists of ey, n € N, and the elements f € K that are of the form
1
f=—++fa)
m;
for some d € N and some M ;-admissible sequence {fi,... , fa} of elements of K.

2.3. Definition. Let m € N, ¢ € K™\ K™~ 1. We call analysis of ¢ any sequence
{K*(¢)}T, of subsets of K such that:

1) Forevery s, K*(¢) consists of successive elements of K*and {J ¢ ¢+ () supp f
= supp ¢.

2) If f belongs to K*t1(¢) then either f € K*(¢) or there exists j and
fi,...,fa € K°(¢) with {supp fi,... ,supp fa} successive, M -admissible
and such that f = mi](fl + -+ fa).

3) K™(¢) ={o}.

Remark. Every ¢ € K has an analysis. Also, if fi € K*(¢), fo € K*t1(¢), then
either supp f1 C supp f2 or supp f1 < supp f2 or supp fo < supp fi.
2.4. Definition. (a) Given ¢ € K™\ K™~ and {K*(¢)}™, a fixed analysis of
¢, then for a given finite block sequence {z)},_, we set

max{s:0<s<mand there are at least two f1, fo € K*(¢) such
Sk = that supp f; Nsuppzy # 0,i = 1,2}, if this set is non-empty,

0 if #(supp xx Nsupp ¢) < 1.

(b) For k = 1,...,l, we define the initial and final part of xj with respect to
{K*(¢)}iy, denoted by x} and x} respectively, as follows: Let {f € K®(¢) :
supp f Nsupp xr # 0} = {f1,..., fa}, where supp f1 < -+ < supp fq. Then we
set x}, = xx|supp fi1, ¥} = z| ngz supp f.

A. Estimates on the basis (¢,)neN

1

2

2.5. Proposition. For given j € N, 0 < € <
s.c.c. we have that: For ¢ € K

and ZkeF arex an (e, 7)-basic

mLs Zfd)EAS?SZ.]v
¢ > arer || < ) . '
kEF mom; WO € Asys <.

Proof. If s > j then the estimate is obvious.
Assume that s < j and for some ¢ € K, (3 axer)| > —2—. Without loss of
s
generality we assume that ¢(ey) > 0 for all k. Then ¢ = - (27 +--- + z}), where
{supp =7 < --- < supp zjj} is M-admissible. We set

d 1
D:{keF:fo(ek)>ﬁ}.

i=1 J
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Set yF = xF|D. Since each y; has all its coordinates strictly greater than %,
J

it is clear that y} can be constructed from the set K® = {+e, : n € N} us-
ing only operations of the form an(fl + -+ + fa) where {supp fi}{, is M,,-
admissible and n < j — 1. This means that, for each 4, [[y;|;_; < 1, so also

Hmi(yf +-Fyh) i < 1. Then = (yi 4+ +y5) (X per arver) < ”%? Hence,

1
— (] + -+ ) Z axey)

Ms keF
Lo, 1 .
= iy aren) + (@4 (Y aver)
s keF keF\D
1 1 2
= 5 < )
mj msm; msi;

a contradiction and the proof is complete.

2.6. Remark. (a) It is easy to see that every (e,j) basic s.c.c. in X, has norm
greater than or equal to m— Therefore, for € < 2, we get that the norm of the

(e, j)-basic s.c.c. is exactly W'
J
(b) It is crucial for the rest of the proof that for s < j,and 2f € K,i=1,...,d,

with {supp z}}¢, M,-admissible,
Z AK€l =~ .
msin;

keF

*
— -+
)ms (z1 + Ty)

In other words, for the normalized vector m; > wer 0ker we have that

(mj(z akek)> <2
keF

B. Estimates on block sequences

d

*
PE

=1

2.7. Definition. (a) Given a normalized block sequence (xg)ren in X, a con-
. . n . . . . . .

vex combination )" ; a;xy, is said to be an (e, j)-special convex combination of

(xk)ken ((€ 7)-s.c.c.) if there exist py < p2 < --- < py, such that 2 < supp xp, <

p1 < SUPp T, < P2 < -+ < supp Tk, < pp, and Y., a;ep, is an (e, j)-basic s.c.c.

(b) An (¢, j)-s.c.c. is called semi-normalized if || >°" | a;

1
- 9

Remark. Note that if Y | a;xy, is an (e, j)-s.c.c., then the set {supp zy,,...,
supp &, } is not necessarily M -admissible. On the other hand, the set {2 Plyeee
Pn—1} belongs to S[M;], Wthh gives in particular that || Y"1 | a;zy, || > 2m

The following lemma establishes the existence of semi-normalized (—4—, j)
1

s.c.c.’s in every block subspace of X,,.

2.8. Lemma. Let {zx}72, be a normalized block sequence in X,. Let j > 1

and € > miﬂ, Then there exists a finite block sequence {yr}r_, of {xk}32,
J

such that ||yxl| = 1 and a convex combination > ,_, axyk is an (e, j)-s.c.c. with
152 5—1 anyell > 5.



982 S. A. ARGYROS AND I. DELIYANNI

Proof. Using the Remark following Definition 2.2, we choose a block sequence
{yi}e, of {zx}3°, such that each y} is an (e, j)-s.c.c. of {wx}$2, defined by
an (e, j)-basic s.c.c. z such that supp z, € Fs,, k = 1,2,.... Note that for every
k the set {supp z; : supp z; C supp y,.} is Fy,+1-admissible.

If for some ko, ||ly; |l > & then we are done; if not we consider the normalized

1
block sequence z}, = ”z—’f” and apply the same procedure for {z}}?° | as we did for
k

{x}52,. Thus we get a block sequence {y7}72, of {z}}3°, such that each y? is
an (e, j)-s.c.c. of {x}}7°, defined by a basic s.c.c. z7 with supp 27 € F,. Note
that for every k the set {supp z; : supp z; C supp y:} is Fs,+1[Fs,;+1]-admissible
(so Mj-admissible). So, if there is no k such that ||y?|| > 1, then we get that
1 1,2 1
m_]§||§ka<2_2’k_1727 . -
Repeating the procedure [; times, if we never get a y;,, 1 < i <;, with ||y} || > %,
a;t;z; where {supp ; }ies is Fi, (s, +1)-
a; =1 and t; > 24~ for all i € S.

then we arrive at a yﬁj of the form yﬁj =3
admissilble (that is, M -admissible), >
Then

€S
€S

L1
Ej = oli—1 Hy’“

1
< %,
a contradiction since m; < 2l

2.9. Proposition. Letj € N. Let {z1}}_, be a finite block sequence of normalized
vectors in X,. Let {p1,...,pn} be such that supp zx, < p1 < Supp T, < p2 <
--- < supp xn < pp and suppose that {p1,... ,pn} € M;. Then, for everyr < j and
every ¢ € Ay, there exists ) € co(A;) such that |p(xg)| < 2¢(mjep, ), k=1,... ,n.

Proof. Let r < j and ¢ € A,. Assume that ¢ € K™\ K™~! for some m > 0 and
let {K*(¢)}7-, be an analysis of ¢. Let z,z} be the initial and final part of x
with respect to {K°(¢)}7,.

We shall define ¢/,9"” € A, such that for each k, |¢(z})| < ¥'(mjep,) and
[G(@)] < " (myep,).

Construction of ¢'. For f € [JI-, K*(¢), we set

Dy = {k : supp ¢ Nsupp ), = supp f Nsupp z},} .
By induction on s = 0,... ,m, we shall define for every f € |JI" ; K*(¢) a function
gy with the following properties:

(a) gy is supported on {px : k € Dys}.

(b) For k € Dy, [f(x},)| < mjgy(ep,).

(c) g € K. Moreover, if ¢ < j and f € Ag, then gy € A,.

For s = 0, f = +ef, € K°(¢), Dy # 0 only if for some k, x}|supp ¢ = Aem,
|A| < 1. We then set gy = e, .

Let s > 0. Suppose that gs have been defined for all f € Uf;é Kt(¢). Let
F=t i+t fa) = K5(6) \ K*71(¢), where f; € K*~1(¢), i =1,... ,d, and
{supp fi,...,supp fa} is M -admissible.

Let I = {i:1<i<d, Dy, #0}.

Let T = Dy \ Ue Dy

Suppose first that ¢ < 5. We set

gr = miq (ngi + Ze;k> :

i€l keT
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Property (a) is obvious. For (b) we have:
If k € Dy, for some ¢ € I,

1 1
@] = ] < ——gr,(miep) = g50msep,),
q q

using the inductive hypothesis.
For k € T we get

1,
sls my  mg P (mjep,) = gr(mjep,).

d
> fulah)
=1

To show that gy € Ay, we need to show that the set {supp gy, : 7€ I} U {{px} :
k € T} is Mg-admissible.

Let G = {t; <t2 < --- <t} be an ordering of the set {pi : k € T} U {min{py, :
k€ Dy, },i € I}. Set F = {s1,89,--,8q} where s; = min(supp f;), i =1,...,d.
Then F' € M,. By the definition of z}, if kK € T there is f; € {1,...,d} \ I such
that supp f; Nsupp ), # 0, supp f; Nsupp «,, = 0 for all m # k. This shows that
r < d and s; <1t for all [ <r. Hence, by Lemma 1.4, G € M,.

Suppose now that ¢ > j. Then we set gy = mij (Xicr 95 X rer e;k) . Since
{p1,...,pr} € Mj, it is obvious that g¢ € K.

Properties (a) and (b) are also easily checked.

The construction of ¢ is similar.

Finally, we set ¢ = 2(¢/ +¢").

()] = mi

2.10. Corollary. Let j e N, 0<e < # Let 3"} _ axzy be an (€, j)-s.c.c. Then,
fO’f’ q < j; ¢ S Aq7 |¢(Z aerkr>| S miq'
Proof. Combine Propositions 2.5 and 2.9.

2.11. Definition. For j = 1,2,..., € > 0, a finite block sequence {y}}_; is said
to be an (¢, j)-rapidly increasing sequence if the following are satisfied:
(a) There exist {a;}}?_; with a > 0, Y ar = 1 such that >}_, ary is an
(€,7)-s.c.c.
(b) There exist j1,... ,jn such that:
(i) j+2<2j1 <+ < 24y,

(ii) each yy is a semi-normalized (m}—, 2jk)—s.c.c.
27

“ee . . maj
(iii) the ¢1-norm of yj, is dominated by —*+—.
m27k+1*1
. . n n . . . .
The convex combination y = >, _; aryx, where {ax}}_, is as in (a), is said to

be an (e, j)-rapidly increasing s.c.c.

2.12. Proposition. Let j > 1. Let {yx}?_, be an (e, j)-rapidly increasing se-
quence and (p;)?_; be such that supp y1 < p1 < supp y2 < p2 < -+ < ppg <
Supp yYn < pn and {p1,...,pn} € M;. Let ji be as in Definition 2.11. Then, for
every ¢ € A, there exists 1 € co(K), such that for k=1,... n,

|o(yk)| < 8¢(ep, ). Moreover,

if r < 2j1 then ¢ € co A,

if 2j1 < r < 2§, then v is of the form ¥ = $i1 + jep,, where ¥y € co(Ar_1),
P & supp Y1 and k is such that 25, <1 < 2jk11-
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Proof. The construction is similar to the one in the proof of Proposition 2.9.
Let ¢ € A,.. Assume that ¢ € K™\ K™~ ! and let {K*(¢)}™, be an analysis of
¢. Let y;, and y}/ be the initial and final part of y with respect to {K*(¢)}7.,.
We shall define 9" and ¥" so that |¢(y},)| < 49/ (ep, ) and |o(yy)| < 49" (ep, )-

Construction of ¢'. For f € |JIL, K*(¢), we set

Dy = {k : supp ¢ Nsupp y;, = supp f Nsupp y;, # 0} .
By induction on s = 0,... ,m, we shall define for every f € |JI', K*(¢) a function
gy with the following properties:

a) gy is supported on {py : k € Dy},

b) |f(yp)] < 4gy(ep,) for k € Dy.
C) g1 € K. Moreover, 95 € Aq’ if ¢ <2j1 and 95 = %g} + %eplw with g} € Aq—la

Pk & supp g%, if 25k < g < 241
Let s > 0. Suppose that gf have been defined for all f € Uf;é Kt(¢). Let
=Rt fa) € K2 (0)\ K*1(9),
Case 1. q < 2j;.
Let I={i:1<i<d,Dy # 0} and T = Dy \ U;c; Dy,. We set

1
gr = m_q (ngi + Ze;k> :

el keT

Properties (a) and (b) for the case k € |J;.; Dy, follow easily from the inductive
assumption. For k € T we get

)1 = o [0 50| < o < o),

by Corollary 2.10, since q < 2jj, for all k.
The proof that gy € Aq is as in the proof of Proposition 2.9 (Case ¢ < j).
Case 2. q > 27;.

Let 1 <t < n be such that 2j; < q < 2j41. ft € Dyorte Uiel Dy, then we

set
1
gr = My1 (ngi + Ze;k> :

iel keT
Then, clearly, g5 € Aq—1. For k € Dy, for some i € I, |f(y}) = miq|fl(y,’c)| <

miq(epk) < ﬁgfi(epk) =gy(ep,). For k € T, if k < ¢ then 2j,1 < 2j; < ¢, so we
get
L majy .,

< Ll <
S — Ykl =~ —
Mg R Mg M2jy ;-1

IFl)l =

1 d
m_q <Zf1> (Z/fg)
1 : 1

Mg—1 mg—1

If k€T and k > t then g < 2ji, so by Corollary 2.10 we get

d
(Z fi) (yx)

*

< Cpp (ep) = g1 (epy)-

1

< 4 < (epy,)
— =grle, ).
T mg T Mmg-1 91\

wm=i
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Now if t € Dy \ J;c; Dy, then we set

1| 1 . 1,
95 =3 - ngﬁzepk T 5%

el keT
k#t

Then g¢ € K. In particular, 2g¢|{ep, : k € Dy, k # t} € Ag—1. In the same manner
as before one can check that for every k£ € Dy

|f (i) < 4gp(ep,)-

This completes the proof for v’
The construction of ¥ is similar.
Finally, we set ¢ = £(¢/ +¢").

2.13. Proposition. Let 0 < e < % and Y} _, aryk be an (e, j)-rapidly increasing

s.c.c. Then fori=0,1,2,..., ¢ in 141-, we have the following estimates:
(@) 16(X ko aryn)| < om0 <5,
(b) [6(Xhmy anyr)l < -y if 5 < i < 241,

i

(©) (X pm aryr)| < s + Hawol, if 2k <0 < 2kt

Proof. Tt follows easily from Propositions 2.5 and 2.12.

2.14. Corollary. If Y ;_, aryr is a (#,j) -rapidly increasing s.c.c. then
J

n
5" o
k=1

2.15. Corollary. X, is arbitrarily distortable.

1 8
— < < —.
4mj - omy
Proof. Choose iy arbitrarily large. Let

1
=l =

ms,

2]l +sup {¢(z) : ¢ € Ao}

Let Y be a block subspace of X,,. Let j > ¢¢. Using Lemma 2.8, we can choose the
following vectors in Y

n
1
y = Zakyk, a | —5,Jj | -rapidly increasing s.c.c.
k=1 m;

w
I

- 1
Z bz, a (—27 io) -rapidly increasing s.c.c.
1=1 Mo

Then, by Proposition 2.13 and Corollary 2.14,

8 16 24
Imsyll < —— + —— = —— while |m;y|| >

0 0 0

-

1 .
llmi, 2]l = 7 while [Im;, 2]| < 8.

This completes the proof.
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3. THE SPACE X

We turn now to defining the Banach space X not containing any unconditional
basic sequence. The norm of the space is related to that of X, introduced in the
previous section. Specifically, the norm will be defined by a family {B;}32, of
subsets of cop such that each B; is contained in the set A; used in the definition
of X,,. Let K be the norming set for X, defined in Section 2. Note that K is
countable. We consider the set

G=A{(a],25,...,2}) keN,z; e K,i=1,... ,kand 2] <zj <--- < z}}.

Since G is countable, there exists a one to one function ® : G — {2j}52, with the
following property:

For every (z7,...,z}) € G, let j; be minimal such that 2} € A; and j; =
O(xf,..., 2 ),l=2,...,k. Then ji > ji_1, l=2,... k.

Forn =0,1,2,... we define by induction sets {L7}52, such that L} is a subset
of K} and {L7}7° is an increasing family.

For j =0,1,... we set

0_ R
Li={fe,:n=1,2,...}.

Suppose that {L7}32, have been defined and set for every j

n n 1 * * * > n
t=0

(supp x7,...,supp z) is My; -admissible » ,

Lyt =13, U {mz o (@] +---+ag) :d € N, z7 € Ly, for some
J

and (supp z7,...,supp x) is M2j+1—admissible}
and
Lyt = {:I:Esx* cat e L';;:_ll,s EN,E; ={s,s+ 1,...}} .
This completes the definition of L7, n = 0,1,2,..., 7 = 0,1,2,.... It is obvious

that each L7 is a subset of the corresponding set K.

We set B; = oo, L? and we consider the norm on ¢go defined by the family
L= U;’io B;. The space X is the completion of cgp under this norm. It is easy to
see that {e,}52, is a bimonotone basis for X.

3.1. Remark. An alternative implicit definition of the norm of the space X is the
following. For = € cqo,
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1 n
= 00s — Eyzx|,7eN,ne N {E, < ---< E,}i
|z]| =max ¢ [[z] sup{m?ZII k||, J n {E: }is

J k=1
oo
ng—admissible},sup {|¢>(x)| (g€ U BQJ“}
§=0
Hence, for 5 = 0,1,2,... and for 7 < 22 < -+ < =z, in cog such that
{supp z1,supp za,...,supp x,} is Moj-admissible, we have that || >°;_; zx|| >
m12j > or—y llzkll. In particular, setting j = 0 we get that X is an asymptotic-¢;
space.

For e > 0, j = 1,2,..., (¢, j)-special convex combinations and (e, j)-rapidly
increasing sequences are defined in X exactly as in X,,.

Using the above remark, one can prove the following result in the same manner
as Lemma 2.8.

3.2. Lemma. For j = 1,2,... and every normalized block sequence {x}7, in
X there exists a finite block sequence {ys}"_, of {xk}32, such that Y., asys is a

semi-normalized (m% , 2j) -8.c.C.
2j

3.3. Proposition. Let Y ;_, apxi be a (%;,j) -s.c.c. defined by an (%;,j) -basic
J J
s.c.c. Y p_iakep,. Then for every s < j and ¢ in By there exists 1 in Ay such

that
‘(j) (Z ak:ck> <24 (mj Zakepk> .
k=1

k=1
The proof of this is similar to the proof of Proposition 2.9.

3.4. Proposition. Let >} bpzy be a (%,j) -rapidly increasing s.c.c. in X.
Then for i € N, ¢ € B;, we have the following estimates:
k e
() (5" bya)| < 725 ifi <.
(b) 16(S ey bra)| < 55 if j < i < 2j1,
(c) 16(n bri)| < s + dlbko| if 2k, <4 < kgt

1

In particular, | >, _; bragl <

8
my :
This is proved similarly to Proposition 2.13.

The following proposition is the main result of this section.

3.5. Proposition. Let j > 100 and suppose that {ji}r_q, {yiti_, and {0k},
are such that

(i) Fach yi is a (#,2]’;6) -rapidly increasing s.c.c. in X, the sequence

27
{supp yr}ti_1 is F,,,, -admissible and there exists a decreasing sequence
{ap}p_, such that >} _, aryk is a (m%1~+2 .25 + 1) -s.c.c.
J
1

(1) yi € Lajs Yi(yk) 2 gy and supp yji C [minsupp yx, maxsupp yy].
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(i) § <6k <4 and yj;(moy, Oeyr) = 1.
(iv) j1>2j+1 and 25, =@ (y5,... ,¥;_1), k=2,...,n.
Let (er)}_, be such that e, =1 if k is even and e = —1 if k is odd. Then

100
maj42

n
1D exarma;, Okl <
k=1

Note that for {yx}}?_;, {vitr_1, {ar}i_y, {0k}}_, satisfying the assumptions of
Proposition 3.5 we have that the functional 1 = ——(3"}'_, y;) belongs to Baj 1,

m2j41
SO

n
1
I ;akm%kekyk” 2
Thus, the fact that X does not contain an unconditional basic sequence will follow
from Proposition 3.5, provided that we show the following:

For all j > 100, every block subspace Y of X contains a sequence {yx}%_;,
satisfying the assumptions of Proposition 3.5.

Indeed, in Proposition 3.12 we show that, for arbitrary block subspaces U, V of
X, the vectors yx, k = 1,... ,n, can be chosen to belong alternately to U and V;
this implies that X is actually Hereditarily Indecomposable.

The proof of Proposition 3.5 is given in several steps. Our aim is to show that,
for every ¢ € ;2 B,

100

maj+2

¢ (Z €KAKM2;, Qkyk) <

The cases ¢ € Bajt1, ¢ € U;50,40 Bi and ¢ € |J;<o; Bi are considered separately,
in Propositions 3.9, 3.10 and 3.11 respectively.

3.6. Lemma. Let Y, _, arpxi, be an (€,7)-s.c.c. and i < j. Suppose that z; €
L, 1 =1,...,d, and {supp 2/}, is M;-admissible. Let {k;};_, be a subset of
{1,...,n} with the following property: There exists a one-to-one correspondence
Ty, — 2, such that 2} (xy,) #0, t=1,...,s. Then Y 7_; ax, < m; €.

Proof. Let > _; axep, be the (¢, j)-basic s.c.c. that defines the s.c.c. Y ;_; apxs.
It is easy to check that the set (ep,, )j—; is M;-admissible, hence

1 S S
o Dk S || anep, || <
mi 3= t=1 i
and the proof is complete.
3.7. Lemma. Lety be a (#;—,2]') -rapidly increasing s.c.c. and z7,...,z) be in
2j

Bot,, ..., Bay,, respectively, such that ty # j for allk =1,...,d, supp 2§ < --- <
supp z;; and L Zzzl 2y, € By for some i < 2j. Then

my

di d

. . 16 8 1
|(21+"'+Zd)(y)|<ZW+ — s
k=1 th 2] k::d1+1 th—l 2]

where t; < -+ <tg, <j <tlg41 < - <tg.
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n=1

s.c.c. First we notice that for 1 < k < di, |2} (y)| < —25— (Proposition 3.4).

— Mag, M2j

Proof. Let y = S>' _ a,x, be the expression of y as a rapidly increasing (m%, 2 j)—
2j

Set now
I= {k :ke{d+1,...,d} and there exists z, with supp x, Nsupp zj # 0
while supp z,, Nsupp z¥ = ) for s # k}
For k € I we set
T, ={n:ne€{l,...,l}, supp x, Nsupp z; # 0 and
supp z, Nsupp z¥ = for s # k}.

z ( E anxn>‘
neTy

n€Ty a”x”)} = mz:’;q

4ay,, for some ny € Ty. Observe that the set {ny}rer satisfies the assumptions of

mg 1
Lemma 3.6, 50 Y, o Gn,, < mi < g We conclude that

(i z;) S ann || - Zzg<zanxn)

k=di1+1 nEUrerTk kel neTy,

Now, for every k € I

(%) (%)

and since tg > j, by Proposition 3.4 we get (at worst) |z; (>

d

4 1
< > T

m _ .
k=di+1 2t —1 j

Consider now S = {1,... ,[}\Uyc; Tx- The set S satisfies again the assumptions

of Lemma 3.6. On the other hand, since for every n, z,, is a (W}—, 2jn>-s.c.c. with
T

In

2jn > 2j+2 > i, for n € S we get by Proposition 3.3 that }(Zz:dﬁ_l z,’;) (anzn)| <

4a,,. We conclude that

(27) ()

This completes the proof.

4my; 1
<4Zan<ﬂ4<—3.

nes Maj MM

3.8. Proposition. Let j, {ji}p_, and {yx}}_, be as in Proposition 3.5. Suppose

that 2j+1 < t1 < -+ <tg, {J1,-- -, Jn b1, ... ,ta} = 0 and {z} d_, are successive
and such that z} € By fors=1,...,d and m21~+1 (2§ +---+2}) € Bajy1. Then,
J

for every set of scalars (br)p_1,

‘ (i Zz) (g bmajy yk>

Proof. It follows from Lemma 3.7, using the lacunarity of the sequence {m,}22.

<3 ol
k=1

2
m3j42

3.9. Proposition. Let j, {ji}}i_1, {ye}i_1, {0k}, and {ex}}_, be as in Propo-
sition 3.5.
For every ¢ in Bajy1 we have

‘¢ (Z Gkakm2jk0kyk>

k=1

<
M2j42
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Proof. Let ¢ = ;(le_l-i-y}:l Y, T, T+ 2), where x| = Eayp

m2j41

for some s and zj,, | # Y, 1, be the expression of ¢ as an element of Bgj1.
We set for k=1,...,n, 2 = egapme;, Oy, and w = 22:1 2. Then
Wy +- v (@] = (g, () + -+ 45, (20

= |ak1 — Q41+ (_1)k2_kla‘k2| < Ak, -
Also, by Proposition 3.8,

(21 + -+ 20) (W) < 2,41 (Frot )| + |(Zhpg2 + - + 20) (w)]

N 8
+ |2kpt1 Z 2k || < 32ak,41 + —

ktka+1 M2j+2
We conclude that
1 * * * * *
lp(w)] < p— (Jzk, —1 (W) + [, + - + v (W) + [z 1 + -+ 23) (w)])
j

A

1 8 1
< 32ap, -1 + ag, + 32ak, + 3 < —3 .
M25+1 M3j+2 Maj+2

3.10. Proposition. Let j, {jr}r_;, {yx}i_, be as in Proposition 3.5.
If i > 2§+ 1 and ¢ is in B;, we have the following: For every set of scalars

(b )=
‘¢ (Z brmaj, yk)
k=1

Proof. The case 2j + 1 < i < 2j; follows from Proposition 3.4 (a), the case 2jx, <
i < 2jko+1 and ¢ > 27, from Proposition 3.4 and the lacunarity of the sequence

{mn}zO:O'

3.11. Proposition. Let j, {jr}i_1, {ueti 1, {0c}i_y, {ax}?_, and {ex}}_, be as
i Proposition 3.5.
For every i < 25+ 1 and ¢ in B; we have

o) <Z ekakmzjkekyk>

k=1

Sory bkl 2E i 25 +1 < i < 24,
<

1650, el 4 8lby | if ko is mazimal with 2jy, < i.

m2j42

100

< .
mMoj+2

Proof. Let {K*®(¢)}™, be an analysis of the functional ¢. We shall define a parti-
tion of {1,... ,n} into four sets, W, I, I and I3 and we shall consider the behaviour
of ¢ on each one of the corresponding subsets of {y;}}_, separately. We set

W = {k :k=1,...,n, there exists a functional f in U K?*(¢) such that

s=1
supp ¢ Nsupp yx = supp f Nsupp yr # 0 and f € sz+1}.

For every k in W, we denote by f* the functional which is of maximal support
among the functionals f € (J.-; K*(¢) satisfying supp ¢ Nsupp yx # 0 and f €
BQJ'+1.
For k € W, f¥ is of the form f* = m;ﬂ (z}, +y:’f+1 + - -+y2‘§_1 —I—z;‘g +- 42
where x}, = Eyy;, for some [ € N and 2 #* Yy -
1 1 2 2
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We set
Wo={keW: k>t}
) 4
Claim 1. |¢ ( Z Ekakm2jk9kyk> < —
KeWo Maj4o

Proof. Let k € Wy and consider

1
k_ * * I Kot
= " (LEtl + yt’f-‘-l + + ytg_l + Zté“ + + Zd)'
Then, for ¢ > t§, we have z; € Bas,, where 2s; = ®(yf, ..., ¥l _1>Z5s--- 221 1)-
2 2

On the other hand, 2jx = ®(y7,... ,y;_,). Since k > t§, we get ji & {8k, s sat.
Then, by Proposition 3.8, | f*(maj, yr)| < =

5 .
myjto

o ( Z Gkakm2jk0kyk>

keWy

<
M2j42

We conclude that

Now consider the set W\ Wy. The segments {[t5,t5] "W }rew define a partition
of W\ Wy. We denote the mutually exclusive segments defined in this manner by
{T,}7_, . We also set k, = min{k : k € T, }. Notice that

7 ( Z exarma;, Okyr)| < 65ax,.
keT,

We set now

Wi = U {Tg : for every f € U K*(¢) which strictly extends f*=, we have
s=0

_ erBq}.

q<2j

<

2542

Claim 2. |¢> ( Z Ekakm2jk9kyk>

keW,

Proof. Let >";_, akep, be the (m+, 27 + 1)—basic s.c.c. which defines the s.c.c.
2542

> k=1 @kYr. We show that there exists a functional ¢ with [|[¢/[|3; < 1 and such that

® ( Z €L AKM2, kak> (i (Z ar, epk(,>
o=1

keW,
We follow the same procedure as in the proof of Proposition 2.9. For every f in
U, K*(¢) which extends some f*, k € Wi, we set

Dy ={o: k, € Wy and f extends fk”},
and define a functional gy with [[g¢||5; < 1 and such that

1) supp g5 = {px, : f extends f*=},

2) |f(XCoen, 2Zrer, ekarma;, Okyr)| < 65953 cp, ak, epr, )-

The inductive construction is as follows:

Suppose that g; has been defined for every f € K*~'(¢) which extends some f*,
ke Wy. Let f € K3(¢). If f = f*o for some k, € W, then we set gr = e;ka. Then

1

<65 <

-
m3j42
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|F(ker, erarma;, Okyr)| < 65ax, < 65ax,gs(ep,, ). If f strictly extends some f*,
k € Wy, then by the definition of Wy, f is of the form m%}(fl + -+ f4) where
q < 2j and the set {supp fi,...,supp fq} is My-admissible. Then for t =1,... ,d
either f; extends some f* for k € W, and the function gy, has already been defined
or supp fiNsupp y = P forall k € Wy. Weset [ ={t:t=1,...,d and f; extends

f* for some k € W1} and
1

9 ter

It is easy to check that the set {supp gy, : ¢ € I} is M -admissible. Hence, by the
inductive assumption we get ||gy[|5; < 1.
Property (2) is also clear. This completes the proof of Claim 2.

We set W2 = W\ (WO U Wl)

0] ( Z fkakm2jk9kyk>

keWs

32

Claim 3. .
mM2j+2

<

Proof. 1If T, C W5 then there exists a function f € [JI-, K*(¢) strictly extending
f¥o and such that f € B, for some ¢ > 2j+2. Then f is of the form qu(fH_. - fa)

where, for some t = 1,... ,d, f; extends f*. So T, C supp f;. So, for k € T,

1 8 8
J(maj,yk)| mq|ft(m2akyk)| S e S e

We conclude that |¢(ZkeW2 exarma;, Oxyr)| < m2§+2' This completes the proof of
Claim 3.

Set now

L= {k:k: 1,...,n, k& W and for every f € UKS((;S) such that

s=0
supp f Nsupp yx = supp ¢ Nsupp yx # 0§ we have that f € U Bq}.
q<2j
) 1
Claim 4. |¢ Z €LarM2;,. Yk || < —5—-
kel 2j+2

Proof. We prove that there exists a functional 9 such that [[1[|3; <1 and

‘¢ (Z €RAKN2j), yk)

kel

< 649( Z agep, )

kel

This procedure is the same as in the proof of Proposition 2.9, using the fact that
| f(maj,ye)| < % for f € By, ¢ < 2§ + 1 (Proposition 3.4 (a)).

If now k € {1,...,n} \ (W UI) then there exists a functional f € |JI-, K*(¢)
such that supp ¢ Nsupp yx = supp fNsupp yi # 0 and f € By for some g > 2j +2.
Then by Proposition 3.10, | f(ma;, yx)| < —22—, unless 2j), < q < 2jk+1-

majt2’
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We set
I, = {k k¢ WUh and there exists f € UTL,K*(¢) such that supp f N

16
supp yx = supp ¢ N supp yx # Pand such that |f(maj, yr)| < — }
2j+2

and
13:{1,,TL}\(WU11UIQ)

It is easy to see that if k € I3 then the following holds:

There exists f* € |JIL, K*(¢) with supp f Nsupp yx = supp ¢ Nsupp yx # 0
such that

(i) f* € By where 2j < ¢ < 2ji41

(ii) For every f € |JI", K*(¢) such that supp fNsupp yx = supp ¢pNsupp yi, # 0
and f # f*, fe Up<a; Bp-

Note that if ki # ko belong to I3 then supp f** Nsupp f*2 = (). This allows us
to prove the following:

o ( Z €1 QKM 9kyk>

kels

1

Claim 5. .
maj+2

<16

E Ak€p,

kels

<
Y

Proof. The proof is again as in Proposition 2.9.
For f e U, K*(¢) we set

Dy ={k € I3 : supp ¢ Nsupp yx = supp f Nsupp yx # 0 and f extends I

and we define gy with supp gy = {pr : k € Dy}, [lgsll5; < 1 and such that
|f(majyk)| < 16g;(ep, ) for every k € Dj.

The inductive step is as follows:

If f € B, for some ¢ > 2j + 2 then either Dy = () in which case we set g; = 0 or
f = f*and Dy = {k} for some k € I3. In the latter case we set gy = €y

Suppose now that f € J,<o; Bp, f = mLp(ﬁ + oo+ fq); if f extends f* for
some k € I3 then we set gy = n%(gf1 + .-+ gy5,). Otherwise, we set g5 = 0. This
completes the proof of the Claim 5.

By Claims 1, 2, 3, 4 and 5 we conclude that

o (Z Gkakm2jk0kyk>

k=1

100

maj+2

<

3.12. Proposition. Let (z;)ien, (wi)ien be two normalized block sequences in
the space X . Then there exist {yr}i_i, {yi}i_i, {0cti_y, {an}i_y, satisfying the
assumptions of Proposition 3.5 and such that, for k odd, yi is a block of (z;)ien
while, for k even, yi is a block of (w;)ieN.

Proof. Let j be given. We choose inductively a sequence {n;}72, C N, (ng = 2),
and vectors w4 € X, uj 4, € X*, 1=1,2,..., AC{l,...,l — 1} such that

(a) For every l and A C {1,...,1— 1}, u; 4 is a block of (z;)ien if #A is even
and v, 4 is a block of (w;)ien if #A is odd.

(b) For every [ =1,2,... and every A C {1,...,l — 1} the vectors w4 and uj 4
are supported inside (n;_1,n].
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(c) Each u; 4 is a (514—, 25)—rapidly increasing s.c.c., uj 4, € Bas and u} 4(us,4)
1 : ,

> ﬁ where s > 27 +1if A =0 and 25 = @(ufhm,u;;Al,... ,uthkA) if A=
{l1<<lk} andAl-:{ll,... ,li},i:1,2,... ,]{—1.

The inductive construction is straightforward.

Choose now F' C {n}2,, F = {ny,... ,m,} € F,,,, such that a convex

. 1 . .
nyeF ln, 18 a (m, 2j + 1)—bas1c s.c.C.

Fori=1,...,k—1,set A; = {l1,...,l;}. Then it is easy to check that the
sequence

combination )

ULy 0y Uiy, Ayy e e oy Ul Ay

and the corresponding one in X* have the desired properties.
The following corollary is an immediate consequence of 3.5 and the previous
proposition.

3.13. Corollary. The Banach space X is Hereditarily Indecomposable. In partic-
ular X does not contain any unconditional basic sequence.
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