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EXAMPLES OF ASYMPTOTIC `1 BANACH SPACES

S. A. ARGYROS AND I. DELIYANNI

Abstract. Two examples of asymptotic `1 Banach spaces are given. The first,
Xu, has an unconditional basis and is arbitrarily distortable. The second, X,
does not contain any unconditional basic sequence. Both are spaces of the
type of Tsirelson’s.

Introduction

A Banach space (X, ‖ · ‖) is λ-distortable (λ > 1) if there exists an equivalent
norm | · | on X such that, for every infinite dimensional subspace Y of X,

sup
{ |y|
|z| : y, z ∈ Y, ‖y‖ = ‖z‖ = 1

}
≥ λ.

X is abitrarily distortable if it is λ-distortable for every λ > 1.
The first example of an arbitrarily distortable Banach space was constructed by

Th. Schlumprecht in [Schl]. Schlumprecht’s space was the starting point for the
construction by W.T. Gowers and B. Maurey of a Banach space not containing an
unconditional basic sequence (u.b.s.) [G-M] and for the examples, due to W.T.
Gowers, of a Banach space not containing `1, c0 or a reflexive subspace [G1] and of
a space without u.b.s. but with an asymptotically unconditional basis [G2].

A rapid development of the theory of Banach spaces followed the examples of
Schlumprecht and Gowers-Maurey. We mention some results.

The notion of a hereditarily indecomposable Banach space was introduced in
[G-M] and a new dichotomy property for Banach spaces regarding this notion was
proved by Gowers [G3]. The remarkable answer to the distortion problem for `p by
E. Odell and Th. Schlumprecht, namely the result that the spaces `p, 1 < p <∞,
are arbitrarily distortable, also makes use of Schlumprecht’s space. Finally, these
results led to a new interest in the asymptotic structure of Banach spaces [Mi-To],
[Ma-Mi-To].

It is well known (R.C. James, 1964, [J]) that `1 and c0 are not distortable. On the
other hand, it follows from a result of Milman ([Mi], 1971) and from [O-Schl] that a
Banach space not containing c0 or `1 contains a distortable subspace. However, the
answer to the following question is still unknown. Does every Banach space contain
either c0 or `1 or an arbitrarily distortable subspace? It is proved in [Mi-To] that if
X does not contain an arbitrarily distortable subspace then X has an asymptotic `p
subspace (for some 1 ≤ p <∞) or an asymptotic c0 subspace. We recall the defini-
tion of this notion: A Banach space with a normalized basis {ek}∞k=1 is asymptotic
`p (resp. asymptotic c0) if there exists a constant C such that for every n there
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exists N = N(n) such that every sequence (xi)
n
i=1 of successive normalized blocks

of {ek}∞k=1 with N < supp x1 < supp x2 < · · · < supp xn is C-equivalent to the
canonical basis of `np (resp. cn0 ). B. Maurey [Ma] has proved that an asymptotic `p
space with an unconditinal basis which does not contain `n1 uniformly is arbitrarily
distortable. In view of these results, a major class of spaces for which the distortion
situation needs to be elucidated is the class of asymptotic `1 spaces. Note that it is
unknown whether Tsirelson’s space T contains an arbitrarily distortable subspace.
So the following question was raised ([G2]).

Does there exist an asymptotic `1 arbitrarily distortable space?
In the first part of the present paper we give a positive answer to this question.

In particular, we give an example of an arbitrarily distortable asymptotic `1 Banach
space Xu with an unconditional basis.

Our construction has as starting point Tsirelson’s celebrated example of the
reflexive Banach space T not containing any `p . We recall, following T. Figiel and
W. Johnson [F-J], the definition of Tsirelson’s norm. Let 0 < θ < 1. On c00 (the
space of finitely supported sequences) we define implicitly the norm ‖ · ‖T by

‖x‖T = max

{
‖x‖∞, sup θ

n∑
i=1

‖Eix‖T

}
,

where the “ sup” is taken over all families {E1, E2, . . . , En} of finite subsets of N
such that n ≤ E1 < E2 < · · · < En. Tsirelson’s space is an asymptotic `1 space.

We consider the following generalization of Tsirelson’s example. Let M be a
family of finite subsets of N closed in the topology of pointwise convergence. A
finite sequence {Ei}ni=1 of finite subsets of N is said to be M-admissible if there
exists a set F = {k1, . . . , kn} ∈ M such that

k1 ≤ E1 < k2 ≤ E2 < · · · < kn ≤ En.

Let 0 < θ < 1. The Tsirelson type Banach space T [M, θ] is the completion of c00

under the norm ‖ · ‖M,θ which is defined by the following implicit equation:

‖x‖M,θ = max

{
‖x‖∞, sup θ

n∑
i=1

‖Eix‖M,θ

}
,

where the “ sup” is taken over all n and all M-admissible sequences {Ei}ni=1. It is
clear that Tsirelson’s original space is T [S, θ] where S is the Schreier family defined
by

S = {F : F ⊂N,#F ≤ minF}.
Consider An = {F : F ⊂ N,#F ≤ n}. S. Bellenot, [B], has proved the following
result: For every 1 < p < ∞ and n ≥ 2 there exists 0 < θ < 1 such that T [An, θ]
is isomorphic to `p. The spaces T [Fξ, θ] (the generalized Schreier families Fξ,
ξ < ω1, introduced in [Al-Ar], are defined in 1(c) below) were introduced by the
first named author in order to prove the following result: For every ξ < ω1 there
exists a reflexive Banach space Tξ such that every infinite dimensional subspace of
Tξ has Szlenk index greater than ξ (preprint, 1987). The general spaces T [M, θ]
were defined in [Ar-D].

The space Xu that we present here is defined using a “mixed Tsirelson’s norm”.
Norms of this type are defined by sequences {Mn}∞n=1 and {θn}∞n=1 such that each
Mn is a family of finite subsets of N closed in the topology of pointwise convergence
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and 0 < θn < 1, limn→∞ θn = 0. The norm in the space T [(Mn, θn)∞n=1] is defined
by

‖x‖ = max

{
‖x‖∞, sup

k

{
θk sup

n∑
i=1

‖Eix‖
}}

,

where the inner “ sup” is taken over all n and all Mk-admissible families (E1, . . . ,
En). It is easy to see that if the Schreier family S is contained in one of the families
Mn then the space T [(Mn, θn)∞n=0] is asymptotic `1. Xu is a space of the form
T [(Mn, θn)∞n=0] where (Mn)∞n=1 is a subsequence of the sequence of the generalized
Schreier families (Fn)n<ω.

In the second part of the paper we give an example of an asymptotic `1 Banach
space X which does not contain any unconditional basic sequence. In fact, X is
hereditarily indecomposable. The question about the existence of such a space
appears in [Ma] and [G2]. X is constructed via Xu in a way similar to the one used
in [G-M] to pass from Schlumprecht’s space to the Gowers-Maurey space. The basic
idea for this comes from the fundamental construction by Maurey and Rosenthal
[Ma-R] of a weakly null sequence without an unconditional basic subsequence.

Although our approach is different from that of Schlumprecht, Gowers and Mau-
rey, it seems that the ingredients needed for the proofs are similar. So, for example,
the semi-normalized (ε, j)-special convex combinations correspond to `1N vectors
and the rapidly increasing (ε, j)-s.c.c.’s correspond to sums of rapidly increasing
sequences.

1. Preliminaries

(a) Tsirelson type spaces
In [Ar-D] a space T [M, θ] has been defined, whereM is a family of finite subsets

of N closed in the topology of pointwise convergence and θ a real number with
0 < θ < 1.

We recall that definition. Given M as above, a family (E1, . . . , En) of suc-
cesive finite subsets of N is said to be M-admissible if there exists a set A =
{m1, . . . ,mn} ∈ M such that m1 ≤ E1 < m2 ≤ E2 < · · · < mn ≤ En. The norm
on the space T [M, θ] is defined implicitly by the formula

‖x‖ = max{‖x‖∞, θ sup
n∑
i=1

‖Eix‖}

where the ‘sup’ is taken over all n and all M-admissible (E1, . . . , En).
It is known that if the Cantor-Bendixson index ofM is greater than ω, then the

space T [M, θ] is reflexive. In 1.1 we prove a somewhat more general result.
(b) Mixed Tsirelson norms
Let {Mk}∞k=1 be families of finite subsets of N such that for each k:

(a) Mk is closed in the topology of pointwise convergence.
(b) Mk is adequate, i.e. if A ∈ Mk and B ⊂ A then B ∈ Mk.
(c) The Cantor-Bendixson index ofMk is greater than ω.

Let {θk}∞k=1 be a sequence of positive reals with each θk < 1 and lim θk = 0.
Then the mixed Tsirelson norm defined by (Mk, θk)∞k=1 is given by the implicit
relation

‖x‖ = max

{
‖x‖∞, sup

k

{
θk sup

n∑
i=1

‖Eix‖
}}

,
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where the inside “ sup” is taken over all Mk-admissible families E1, . . . , En.
The Banach space defined by this norm is denoted by T [(Mk, θk)∞k=1].

1.1. Proposition. The space X = T [(Mk, θk)∞k=1] is reflexive and {en}∞n=1 is a
1-unconditional basis for X.

Proof. The proof is similar to the original proof of Tsirelson in [T]. We first give
an alternative definition of the norm of X .

We define inductively the following sets:
K0 = {±en : n ∈N}.

Given Ks,

Ks+1 = Ks ∪
{
θk(f1 + · · ·+ fd}) : k ∈N, d ∈N, fi ∈ Ks, i = 1, . . . , d,

supp f1 < supp f2 < · · · < supp fd and

the set {supp f1, . . . , supp fd} is Mk-admissible
}
.

Finally, we set

K =
∞⋃
s=0

Ks.

Note that K is the smallest subset of Bc0 which contains ±en for all n ∈ N and
has the property that θk(f1 + · · · + fd) is in K whenever f1, . . . , fd ∈ K and
{supp f1, . . . , supp fd} is Mk-admissible.

For x ∈ c00 we define
‖x‖ = sup

f∈K
〈x, f〉.

Then X is the completion of (c00, ‖ · ‖).
It is easy to see that {en}∞n=1 is a 1-unconditional basis for X .
To show that X is reflexive, we have to show that the basis {en}∞n=1 is shrinking

and boundedly complete.
(a) {en}∞n=1 is a shrinking basis for X .
Let θ = maxk θk < 1. For f ∈ X∗ and m ∈ N, denote by Qm(f) the restriction

of f to the space generated by {ek}k≥m. It suffices to prove the following: For

every f ∈ BX∗ there is m ∈ N such that Qm(f) ∈ θBX∗ . Recall that BX∗ = co(K)
where the closure is in the topology of pointwise convergence. We shall first prove
the following:

Claim. For every f ∈ K there is m such that Qm(f) ∈ θ co(K).

To prove this, let f ∈ K and let {fn}∞n=1 be a sequence in K converging pointwise
to f .

If fn ∈ K0 for an infinite number of n, we have nothing to prove. So suppose
that for every n there are kn ∈ N, a set {mn

1 , . . . ,m
n
dn
} ∈ Mkn and vectors fni ∈ K,

i = 1, . . . , dn such that mn
1 ≤ supp fn1 < mn

2 ≤ supp fn2 < · · · < mn
dn
≤ supp fndn

and fn = θkn(fn1 + · · · + fndn). If there is a subsequence of {θkn} converging to 0,
then f = 0. So we may suppose that there is a k such that kn = k for all n, i.e.
θkn = θk and {mn

1 , . . . ,m
n
dn
} ∈ Mk.

SinceMk is compact, substituting {fn} with a subsequence we get that there is
a set {m1, . . . ,md} ∈ Mk such that the sequence of indicator functions of the sets
{mn

1 , . . . ,m
n
dn
} converges to the indicator function of {m1, . . . ,md}. So, for large

n, mn
i = mi, i = 1, . . . , d, and mn

d+1 →∞ as n→∞.
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Passing to a further subsequence of (fn)∞n=1, we get that there exist fi ∈ K,
i = 1, . . . , d, with supp fi ⊂ [mi,mi+1), i = 1, . . . , d − 1, and supp fd ⊂ [md,∞)
such that fnj → fj pointwise for j = 1, . . . , d. We conclude that f = θk(f1+· · ·+fd),
so Qmd(f) = θkfd ∈ θ co(K).

The proof of the claim is complete. In particular we get that K is a weakly
compact subset of c0.

By standard arguments we can now pass to the case of BX∗ = co(K).
(b) {en}∞n=1 is a boundedly complete basis for X .
Suppose on the contrary that there exist ε > 0 and a block sequence {xi}∞i=1 of

{en}∞n=1 such that supn ‖
∑n
i=1 xi‖ ≤ 1 while ‖xi‖ ≥ ε for i = 1, 2, . . . .

Choose n0 ∈ N such that n0θ1 > 1
ε . Using the fact that the n0 + 1-derived

set of M1 is non-empty, one can choose a set {m1, . . . ,mn0} ∈ M1 and a subset
{xik}n0

k=1 of {xi}∞i=1 such that

m1 ≤ supp xi1 < m2 ≤ supp xi2 < · · · < mn0 ≤ supp xin0
.

Then ∥∥∥∥∥
n0∑
k=1

xik

∥∥∥∥∥ ≥ θ1

n0∑
k=1

‖xik‖ ≥ n0θ1ε > 1,

a contradiction and the proof is complete.

(c) Generalized Schreier families
The Schreier family S is the set of all finite subsets of N satisfying the property

#A ≤ minA. It is easy to see that this family is closed in the topology of pointwise
convergence.

1.2. Definition. Given M,N , families of finite subsets of N which are closed in
the topology of pointwise convergence, the M operation on N is defined as

M[N ] =

{
F ⊂ N : F =

s⋃
i=1

Fi, s ∈N, Fi ∈ N , i = 1, . . . , s, and

there exists a set {m1, . . . ,ms} ∈ M such that

m1 ≤ F1 < m2 ≤ F2 < · · · < ms ≤ Fs

}
.

M[N ] is a family of finite subsets of N which is closed in the topology of pointwise
convergence.

1.3. Definition. The generalized Schreier families {Fξ}ξ<ω1 are defined as follows:
F0 = {{n} : n ∈ N},
Fξ+1 = S[Fξ].
For ξ a limit ordinal we let {ξn}∞n=1 be a fixed sequence strictly increasing to ξ

and set
Fξ = {A ⊂ N : n ≤ minA and A ∈ Fξn} .

The families {Fξ}ξ<ω1 have been introduced in [Al-Ar].

Remark. It is easy to see that for ξ1, ξ2 < ω1 there exists ξ < ω1 such that
Fξ1 [Fξ2 ] ⊂ Fξ. In particular, for m,n ∈ N, Fn[Fm] = Fn+m.

In the sequel, we will only make use of the families Fn, n < ω.
We present now some properties of the families Fn, n = 1, 2, . . . , which are

important for our constructions.



978 S. A. ARGYROS AND I. DELIYANNI

1.4. Lemma. Let n ∈ N and F = {s1, s2, . . . , sd} ⊂ N with s1 < s2 < · · · < sd.
Suppose that F ∈ Fn. If G = {t1, t2, . . . , tr} ⊂ N is such that t1 < t2 < · · · < tr,
r ≤ d and sp ≤ tp for p = 1, 2, . . . , r, then G ∈ Fn.

This can be easily proved by induction on n.

1.5. Proposition. Let n ∈ N, ε > 0. Denote by | · |n the norm of the space
T [Fn, 1

2 ]. There exists m > n such that for every infinite subset D of N there exists
a set F ⊂ D with F ∈ Fm and a convex combination x =

∑
l∈F alel with {al}l∈F

decreasing and such that |x|n < ε.

We first prove the following.

1.6. Lemma. Let t ≥ 1, ε > 0, D be an infinite subset of N. There exists a set
F ∈ Ft, F ⊂ D, and a convex combination x =

∑
l∈F alel such that

i) {al}l∈F is in decreasing order,
ii) For every G in Ft−1,

∑
l∈G al < ε.

Proof. The proof is by induction on t.
For t = 1, ε > 0, we choose n0 >

1
ε and F ⊂ D with |F | = n0 and n0 ≤ F . The

vector x = 1
n0

∑
l∈F el has the desired properties.

Suppose that we know the result for t. We prove it for t+1. Let n0 >
2
ε . Choose

successively vectors xk and integers nk, k = 1, . . . , n0, such that:
For k = 1, . . . , n0, nk > 2nk−1 and xk is a convex combination of the form

xk =
∑
l∈Ak alel, where

(a) Ak ⊂ D ∩ (nk−1, nk] and Ak ∈ Ft,
(b) {al}l∈Ak is decreasing and, for k ≥ 2, maxl∈Ak al < minl∈Ak−1

al,

(c) For every B ∈ Ft−1 we have
∑
l∈B∩Ak al <

1
2nk−1

.

Set F =
⋃n0

k=1 Ak and x = 1
n0

∑n0

k=1 xk. Then x has the desired properties.

Indeed, F ∈ Ft+1 and the coefficients are in decreasing order. To prove (ii) let G ∈
Ft. Then G =

⋃s
i=1 Gi for some s ∈ N and sets Gi, i = 1, . . . , s, with Gi ∈ Ft−1

and s ≤ G1 < G2 < · · · < Gs. Let k0 ≥ 1 be such that nk0−1 < min(G ∩ F ) ≤ nk0 .
Then s ≤ nk0 and∑

l∈G
al =

∑
l∈G∩Ak0

al +
∑

k≥k0+1

s∑
i=1

∑
l∈Gi∩Ak

al

< 1 +
∑

k≥k0+1

s

2nk−1
≤ 1 +

nk0

2

∑
k≥k0

1

nk
< 2.

Thus, 1
n0

∑
l∈G al < ε. This completes the proof.

Proof of Proposition 1.5. Choose l such that 1
2l <

ε
2 and set m = ln+ 1. Using the

previous lemma, choose a convex combination x =
∑
k∈F akek such that F ⊂ D,

F ∈ Fm and
∑
k∈G ak <

ε
2 for every G ∈ Fm−1. We claim that x is the desired

vector. Indeed, let K be the norming set corresponding to the space T [Fn, 1
2 ] as it is

defined in the proof of Proposition 1.1. Let φ ∈ K. Set L =
{
k ∈N : |φ(k)| ≥ 1

2l

}
.

Then L ∈ Fm−1. To see this, notice first that φ|L belongs to Kl, the set obtained at
the l-th stage of the construction of K. Now, one can prove by induction on l that
for every f ∈ Kl, supp f is in Fl·n = Fn[· · · [Fn] · · · ] (l-times). So L ∈ Fl·n = Fm−1.
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Therefore, ∣∣∣φ(x)
∣∣∣ ≤ ∣∣∣(φ|L)(x)

∣∣∣ +
∣∣∣(φ|Lc)(x)

∣∣∣
≤

∑
k∈L

ak +
1

2l
<
ε

2
+
ε

2
= ε.

The proof is complete.

2. The space Xu

We choose a sequence of integers {mj}∞j=0 such thatm0 = 2, and, for j = 1, 2, . . . ,

mj > m
mj−1

j−1 . Inductively, using Proposition 1.5, we choose two subsequences

{Fsj}∞j=0 and {Fkj}∞j=0 of {Fn}∞n=0 such that
(i) k0 = s0 = 1,
(ii) For every n = 1, 2, . . . , Fsn has the following property:
For every infinite subset D of N there exist a set F ∈ Fsn and a decreasing

convex combination x =
∑
l∈F alel such that |x|kn−1 <

1
m4
n+1

,

(iii) For every n ≥ 1, kn = ln · (sn + 1), where ln is such that 2ln > mn. So,
Fkn = Fsn+1[· · · [Fsn+1] · · · ] (ln times).

We set Mj = Fkj , j = 0, 1, . . . , and define Xu by

Xu = T

[(
Mj,

1

mj

)∞
j=0

]
.

2.1. Notation. For j = 0, 1, . . . we denote by ‖ · ‖j the norm of T

[(
Mn,

1
mn

)j
n=0

]
and by ‖ · ‖∗j the corresponding dual norm.

Remark. Notice that since Mn ⊂ Fkj , n = 0, . . . , j, and 2 = m0 < · · · < mj , we

have that, for every x ∈ c00, ‖x‖j ≤ |x|kj , where | · |kj is the norm of T
[
Fkj , 1

2

]
.

2.2. Definition. Given ε > 0 and j = 0, 1, . . . , an (ε, j)-basic special convex com-
bination ((ε, j)-basic s.c.c.) is a vector of the form

∑
k∈F akek such that F ∈ Mj,

ak ≥ 0,
∑
k∈F ak = 1, {ak}k∈F is decreasing and ‖

∑
k∈F akek‖j−1 < ε.

Remark. By the choice of sj in the definition of Xu and the previous remark we
get that for every j, every ε ≥ 1

m4
j+1

and every infinite subset D of N, there exists

an (ε, j)-basic s.c.c. of the form
∑
k∈F akek, where F ∈ Fsj and F ⊂ D.

To fix notation, we repeat the definition of the set K of functionals that define
the norm of the space Xu.

For j = 0, 1, . . . , we set K0
j = {±en : n ∈ N}.

Assume that {Kn
i }∞i=0 have been defined. Then we set

Kn =
∞⋃
i=0

Kn
i and, for every j,

Kn+1
j = Kn

j ∪

 1

mj
(f1 + · · ·+ fd) : {supp f1 < · · · < supp fd} is

Mj-admissible and f1, . . . , fd belong to Kn

 .

Set K =
⋃∞
n=0K

n.
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The norm ‖ · ‖ on Xu is

‖x‖ = sup {f(x) : f ∈ K} .

Notation. For j = 0, 1, . . . we denote by Aj the set

Aj =
∞⋃
n=1

Kn
j .

That is, Aj consists of ±en, n ∈ N, and the elements f ∈ K that are of the form

f =
1

mj
(f1 + · · ·+ fd)

for some d ∈N and some Mj-admissible sequence {f1, . . . , fd} of elements of K.

2.3. Definition. Let m ∈N, φ ∈ Km \Km−1. We call analysis of φ any sequence
{Ks(φ)}ms=0 of subsets of K such that:

1) For every s, Ks(φ) consists of successive elements ofKsand
⋃
f∈Ks(φ) supp f

= suppφ.
2) If f belongs to Ks+1(φ) then either f ∈ Ks(φ) or there exists j and
f1, . . . , fd ∈ Ks(φ) with {supp f1, . . . , supp fd} successive, Mj-admissible
and such that f = 1

mj
(f1 + · · ·+ fd).

3) Km(φ) = {φ}.

Remark. Every φ ∈ K has an analysis. Also, if f1 ∈ Ks(φ), f2 ∈ Ks+1(φ), then
either supp f1 ⊂ supp f2 or supp f1 < supp f2 or supp f2 < supp f1.

2.4. Definition. (a) Given φ ∈ Km \ Km−1 and {Ks(φ)}ms=0 a fixed analysis of
φ, then for a given finite block sequence {xk}lk=1 we set

sk =

 max{s : 0 ≤ s < m and there are at least two f1, f2 ∈ Ks(φ) such
that supp fi ∩ suppxk 6= ∅, i = 1, 2}, if this set is non-empty,

0 if #(supp xk ∩ supp φ) ≤ 1.

(b) For k = 1, . . . , l, we define the initial and final part of xk with respect to
{Ks(φ)}ms=0, denoted by x′k and x′′k respectively, as follows: Let {f ∈ Ksk(φ) :
supp f ∩ supp xk 6= ∅} = {f1, . . . , fd}, where supp f1 < · · · < supp fd. Then we

set x′k = xk| supp f1, x′′k = xk|
⋃d
i=2 supp fi.

A. Estimates on the basis (en)n∈N

2.5. Proposition. For given j ∈ N, 0 < ε < 1
m2
j

and
∑
k∈F akek an (ε, j)-basic

s.c.c. we have that: For φ ∈ K∣∣∣∣∣φ
(∑
k∈F

akek

)∣∣∣∣∣ ≤


1
ms

if φ ∈ As, s ≥ j,
2

ms·mj if φ ∈ As, s < j.

Proof. If s ≥ j then the estimate is obvious.
Assume that s < j and for some φ ∈ Ks, |φ(

∑
akek)| > 2

msmj
. Without loss of

generality we assume that φ(ek) ≥ 0 for all k. Then φ = 1
ms

(x∗1 + · · ·+ x∗d), where

{supp x∗1 < · · · < supp x∗d} is Ms-admissible. We set

D =

{
k ∈ F :

d∑
i=1

x∗i (ek) >
1

mj

}
.
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Set y∗i = x∗i |D. Since each y∗i has all its coordinates strictly greater than 1
mj

,

it is clear that y∗i can be constructed from the set K0 = {±en : n ∈ N} us-
ing only operations of the form 1

mn
(f1 + · · · + fd) where {supp fl}dl=1 is Mn-

admissible and n ≤ j − 1. This means that, for each i, ‖y∗i ‖∗j−1 ≤ 1, so also∥∥∥ 1
ms

(y∗1 + · · ·+ y∗d)
∥∥∥∗
j−1
≤ 1. Then 1

ms
(y∗1 + · · ·+ y∗d)

(∑
k∈F akek

)
< 1

m2
j
. Hence,

1

ms
(x∗1 + · · ·+ x∗d)(

∑
k∈F

akek)

=
1

ms
(y∗1 + · · ·+ y∗d)(

∑
k∈F

akek) +
1

ms
(x∗1 + · · ·+ x∗d)(

∑
k∈F\D

akek)

≤ 1

m2
j

+
1

msmj
<

2

msmj
,

a contradiction and the proof is complete.

2.6. Remark. (a) It is easy to see that every (ε, j)-basic s.c.c. in Xu has norm
greater than or equal to 1

mj
. Therefore, for ε < 1

m2
j
, we get that the norm of the

(ε, j)-basic s.c.c. is exactly 1
mj

.

(b) It is crucial for the rest of the proof that for s < j, and x∗i ∈ K, i = 1, . . . , d,
with {supp x∗i }di=1 Ms-admissible,∣∣∣∣ 1

ms
(x∗1 + · · ·+ x∗d)

∣∣∣∣
(∑
k∈F

akek

)
≤ 2

msmj
.

In other words, for the normalized vector mj

∑
k∈F akek we have that∣∣∣∣∣

d∑
i=1

x∗i

∣∣∣∣∣
(
mj(

∑
k∈F

akek)

)
≤ 2.

B. Estimates on block sequences

2.7. Definition. (a) Given a normalized block sequence (xk)k∈N in Xu, a con-
vex combination

∑n
i=1 aixki is said to be an (ε, j)-special convex combination of

(xk)k∈N ((ε, j)-s.c.c.) if there exist p1 < p2 < · · · < pn such that 2 ≤ supp xk1 ≤
p1 < supp xk2 ≤ p2 < · · · < supp xkn ≤ pn and

∑n
i=1 aiepi is an (ε, j)-basic s.c.c.

(b) An (ε, j)-s.c.c. is called semi-normalized if ‖
∑n
i=1 aixki‖ ≥ 1

2 .

Remark. Note that if
∑n
i=1 aixki is an (ε, j)-s.c.c., then the set {supp xk1 , . . . ,

supp xkn} is not necessarilyMj-admissible. On the other hand, the set {2, p1, . . . ,
pn−1} belongs to S[Mj ], which gives in particular that ‖

∑n
i=1 aixki‖ ≥ 1

2mj
.

The following lemma establishes the existence of semi-normalized
(

1
m4
j+1

, j
)

-

s.c.c.’s in every block subspace of Xu.

2.8. Lemma. Let {xk}∞k=1 be a normalized block sequence in Xu. Let j ≥ 1
and ε > 1

m4
j+1

. Then there exists a finite block sequence {yk}nk=1 of {xk}∞k=1

such that ‖yk‖ = 1 and a convex combination
∑n
k=1 akyk is an (ε, j)-s.c.c. with

‖
∑n
k=1 akyk‖ > 1

2 .
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Proof. Using the Remark following Definition 2.2, we choose a block sequence
{y1
k}∞k=1 of {xk}∞k=1 such that each y1

k is an (ε, j)-s.c.c. of {xk}∞k=1 defined by
an (ε, j)-basic s.c.c. z1

k such that supp z1
k ∈ Fsj , k = 1, 2, . . . . Note that for every

k the set {supp xi : supp xi ⊂ supp y1
k} is Fsj+1-admissible.

If for some k0, ‖y1
k0
‖ ≥ 1

2 then we are done; if not we consider the normalized

block sequence x1
k =

y1
k

‖y1
k‖

and apply the same procedure for {x1
k}∞k=1 as we did for

{xk}∞k=1. Thus we get a block sequence {y2
k}∞k=1 of {x1

k}∞k=1 such that each y2
k is

an (ε, j)-s.c.c. of {x1
k}∞k=1 defined by a basic s.c.c. z2

k with supp z2
k ∈ Fsj . Note

that for every k the set {supp xi : supp xi ⊂ supp y2
k} is Fsj+1[Fsj+1]-admissible

(so Mj-admissible). So, if there is no k such that ‖y2
k‖ ≥ 1

2 , then we get that
1
mj
≤
∥∥1

2y
2
k

∥∥ < 1
22 , k = 1, 2, . . . .

Repeating the procedure lj times, if we never get a yik, 1 ≤ i ≤ lj, with ‖yik‖ ≥ 1
2 ,

then we arrive at a y
lj
k of the form y

lj
k =

∑
i∈S aitixi where {supp xi}i∈S is Flj(sj+1)-

admissilble (that is, Mj-admissible),
∑
i∈S ai = 1 and ti ≥ 2lj−1, for all i ∈ S.

Then
1

mj
≤ 1

2lj−1

∥∥∥yljk ∥∥∥ < 1

2lj
,

a contradiction since mj < 2lj .

2.9. Proposition. Let j ∈ N. Let {xk}nk=1 be a finite block sequence of normalized
vectors in Xu. Let {p1, . . . , pn} be such that supp xk1 ≤ p1 < supp xk2 ≤ p2 <
· · · < supp xn ≤ pn and suppose that {p1, . . . , pn} ∈ Mj. Then, for every r ≤ j and
every φ ∈ Ar, there exists ψ ∈ co(Ar) such that |φ(xk)| ≤ 2ψ(mjepk), k = 1, . . . , n.

Proof. Let r ≤ j and φ ∈ Ar. Assume that φ ∈ Km \Km−1 for some m ≥ 0 and
let {Ks(φ)}ms=0 be an analysis of φ. Let x′k, x

′′
k be the initial and final part of xk

with respect to {Ks(φ)}ms=0.
We shall define ψ′, ψ′′ ∈ Ar such that for each k, |φ(x′k)| ≤ ψ′(mjepk) and

|φ(x′′k)| ≤ ψ′′(mjepk).

Construction of ψ′. For f ∈
⋃m
s=0K

s(φ), we set

Df = {k : supp φ ∩ supp x′k = supp f ∩ supp x′k} .
By induction on s = 0, . . . ,m, we shall define for every f ∈

⋃m
s=0K

s(φ) a function
gf with the following properties:

(a) gf is supported on {pk : k ∈ Df}.
(b) For k ∈ Df , |f(x′k)| ≤ mjgf(epk).
(c) gf ∈ K. Moreover, if q ≤ j and f ∈ Aq, then gf ∈ Aq.
For s = 0, f = ±e∗m ∈ K0(φ), Df 6= ∅ only if for some k, x′k| supp φ = λem,

|λ| ≤ 1. We then set gf = e∗pk .

Let s > 0. Suppose that gf have been defined for all f ∈
⋃s−1
t=0 K

t(φ). Let
f = 1

mq
(f1 + · · ·+ fd) = Ks(φ) \Ks−1(φ), where fi ∈ Ks−1(φ), i = 1, . . . , d, and

{supp f1, . . . , supp fd} is Mq-admissible.
Let I = {i : 1 ≤ i ≤ d,Dfi 6= ∅}.
Let T = Df \

⋃
i∈I Dfi .

Suppose first that q ≤ j. We set

gf =
1

mq

(∑
i∈I

gfi +
∑
k∈T

e∗pk

)
.
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Property (a) is obvious. For (b) we have:
If k ∈ Dfi for some i ∈ I,

|f(x′k)| = 1

mq
|fi(x′k)| ≤ 1

mq
gfi(mjepk) = gf(mjepk),

using the inductive hypothesis.
For k ∈ T we get

|f(x′k)| = 1

mq

∣∣∣∣∣
d∑
i=1

fi(x
′
k)

∣∣∣∣∣ ≤ 1 ≤ mj

mq
=

1

mq
e∗pk(mjepk) = gf (mjepk).

To show that gf ∈ Aq, we need to show that the set {supp gfi : i ∈ I} ∪ {{pk} :
k ∈ T} is Mq-admissible.

Let G = {t1 < t2 < · · · < tr} be an ordering of the set {pk : k ∈ T} ∪ {min{pk :
k ∈ Dfi}, i ∈ I}. Set F = {s1, s2, · · · , sd} where si = min(supp fi), i = 1, . . . , d.
Then F ∈ Mq. By the definition of x′k, if k ∈ T there is fi ∈ {1, . . . , d} \ I such
that supp fi ∩ supp x′k 6= ∅, supp fi ∩ supp x′m = ∅ for all m 6= k. This shows that
r ≤ d and sl ≤ tl for all l ≤ r. Hence, by Lemma 1.4, G ∈ Mq.

Suppose now that q > j. Then we set gf = 1
mj

(∑
i∈I gfi +

∑
k∈T e

∗
pk

)
. Since

{p1, . . . , pk} ∈ Mj , it is obvious that gf ∈ K.
Properties (a) and (b) are also easily checked.
The construction of ψ′′ is similar.
Finally, we set ψ = 1

2 (ψ′ + ψ′′).

2.10. Corollary. Let j ∈ N, 0 < ε < 1
m2
j

. Let
∑n
k=1 akxk be an (ε, j)-s.c.c. Then,

for q < j, φ ∈ Aq, |φ(
∑
akxk)| ≤ 4

mq
.

Proof. Combine Propositions 2.5 and 2.9.

2.11. Definition. For j = 1, 2, . . . , ε > 0, a finite block sequence {yk}nk=1 is said
to be an (ε, j)-rapidly increasing sequence if the following are satisfied:

(a) There exist {ak}nk=1 with ak ≥ 0,
∑
ak = 1 such that

∑n
k=1 akyk is an

(ε, j)-s.c.c.
(b) There exist j1, . . . , jn such that:

(i) j + 2 < 2j1 < · · · < 2jn,

(ii) each yk is a semi-normalized

(
1

m4
2jk

, 2jk

)
-s.c.c.

(iii) the `1-norm of yk is dominated by
m2jk+1

m2jk+1−1
.

The convex combination y =
∑n
k=1 akyk, where {ak}nk=1 is as in (a), is said to

be an (ε, j)-rapidly increasing s.c.c.

2.12. Proposition. Let j ≥ 1. Let {yk}nk=1 be an (ε, j)-rapidly increasing se-
quence and (pi)

n
i=1 be such that supp y1 ≤ p1 < supp y2 ≤ p2 < · · · ≤ pn−1 <

supp yn ≤ pn and {p1, . . . , pn} ∈ Mj. Let jk be as in Definition 2.11. Then, for
every φ ∈ Ar there exists ψ ∈ co(K), such that for k = 1, . . . , n,
|φ(yk)| ≤ 8ψ(epk). Moreover,
if r < 2j1 then ψ ∈ coAr,
if 2j1 ≤ r ≤ 2jn then ψ is of the form ψ = 1

2ψ1 + 1
2epk , where ψ1 ∈ co(Ar−1),

pk 6∈ supp ψ1 and k is such that 2jk ≤ r < 2jk+1.
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Proof. The construction is similar to the one in the proof of Proposition 2.9.
Let φ ∈ Ar. Assume that φ ∈ Km \Km−1 and let {Ks(φ)}ms=0 be an analysis of

φ. Let y′k and y′′k be the initial and final part of yk with respect to {Ks(φ)}ms=0.
We shall define ψ′ and ψ′′ so that |φ(y′k)| ≤ 4ψ′(epk) and |φ(y′′k )| ≤ 4ψ′′(epk).

Construction of ψ′. For f ∈
⋃m
s=0K

s(φ), we set

Df = {k : supp φ ∩ supp y′k = supp f ∩ supp y′k 6= ∅} .
By induction on s = 0, . . . ,m, we shall define for every f ∈

⋃m
s=0K

s(φ) a function
gf with the following properties:

a) gf is supported on {pk : k ∈ Df},
b) |f(y′k)| ≤ 4gf(epk) for k ∈ Df .
c) gf ∈ K. Moreover, gf ∈ Aq, if q < 2j1 and gf = 1

2g
′
f + 1

2epk , with g′f ∈ Aq−1,

pk 6∈ supp g′f , if 2jk ≤ q < 2jk+1.

Let s > 0. Suppose that gf have been defined for all f ∈
⋃s−1
t=0 K

t(φ). Let
f = 1

mq
(f1 + · · ·+ fd) ∈ Ks(φ) \Ks−1(φ),

Case 1. q < 2j1.

Let I = {i : 1 ≤ i ≤ d,Dfi 6= ∅} and T = Df \
⋃
i∈I Dfi . We set

gf =
1

mq

(∑
i∈I

gfi +
∑
k∈T

e∗pk

)
.

Properties (a) and (b) for the case k ∈
⋃
i∈I Dfi follow easily from the inductive

assumption. For k ∈ T we get

|f(yk)| = 1

mq

∣∣∣∑ fi(yk)
∣∣∣ ≤ 4

mq
≤ 4gf(epk),

by Corollary 2.10, since q < 2jk for all k.
The proof that gf ∈ Aq is as in the proof of Proposition 2.9 (Case q < j).

Case 2. q ≥ 2j1.

Let 1 ≤ t ≤ n be such that 2jt ≤ q < 2jt+1. If t 6∈ Df or t ∈
⋃
i∈I Dfi then we

set

gf =
1

mq−1

(∑
i∈I

gfi +
∑
k∈T

e∗pk

)
.

Then, clearly, gf ∈ Aq−1. For k ∈ Dfi for some i ∈ I, |f(y′k)| = 1
mq
|fi(y′k)| ≤

4
mq

(epk) ≤ 1
mq−1

gfi(epk) = gf (epk). For k ∈ T , if k < t then 2jk+1 ≤ 2jt ≤ q, so we
get

|f(y′k)| =
1

mq

∣∣∣∣∣
(

d∑
i=1

fi

)
(y′k)

∣∣∣∣∣ ≤ 1

mq
‖y′k‖`1 ≤

1

mq

m2jk+1

m2jk+1−1

≤ 1

mq−1
=

1

mq−1
e∗pk(epk) = gf (epk).

If k ∈ T and k > t then q < 2jk, so by Corollary 2.10 we get

|f(y′k)| = 1

mq

∣∣∣∣∣
(

d∑
i=1

fi

)
(yk)

∣∣∣∣∣ ≤ 4

mq
≤ 1

mq−1
= gf(epk).
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Now if t ∈ Df \
⋃
i∈I Dfi then we set

gf =
1

2

 1

mq−1

∑
i∈I

gfi +
∑
k∈T
k 6=t

e∗pk


+

1

2
e∗pt .

Then gf ∈ K. In particular, 2gf |{epk : k ∈ Df , k 6= t} ∈ Aq−1. In the same manner
as before one can check that for every k ∈ Df

|f(y′k)| ≤ 4gf(epk).

This completes the proof for ψ′.
The construction of ψ′′ is similar.
Finally, we set ψ = 1

2 (ψ′ + ψ′′).

2.13. Proposition. Let 0 < ε < 1
m2
j

and
∑n
k=1 akyk be an (ε, j)-rapidly increasing

s.c.c. Then for i = 0, 1, 2, . . . , φ in Ai, we have the following estimates:

(a) |φ(
∑n

k=1 akyk)| ≤ 16
mimj

, if i < j,

(b) |φ(
∑n
k=1 akyk)| ≤ 8

mi
, if j ≤ i < 2j1,

(c) |φ(
∑n
k=1 akyk)| ≤ 4

mi−1
+ 4|ak0 |, if 2jk0 ≤ i < 2jk0+1.

Proof. It follows easily from Propositions 2.5 and 2.12.

2.14. Corollary. If
∑n
k=1 akyk is a

(
1
m2
j
, j
)

-rapidly increasing s.c.c. then

1

4mj
≤
∥∥∥∥∥
n∑
k=1

akyk

∥∥∥∥∥ ≤ 8

mj
.

2.15. Corollary. Xu is arbitrarily distortable.

Proof. Choose i0 arbitrarily large. Let

|||x||| = 1

mi0

‖x‖+ sup {φ(x) : φ ∈ Ai0} .

Let Y be a block subspace of Xu. Let j > i0. Using Lemma 2.8, we can choose the
following vectors in Y

y =
n∑
k=1

akyk, a

(
1

m2
j

, j

)
rapidly increasing s.c.c.

z =
m∑
l=1

blzl, a

(
1

m2
i0

, i0

)
rapidly increasing s.c.c.

Then, by Proposition 2.13 and Corollary 2.14,

|||mjy||| ≤
8

mi0

+
16

mi0

=
24

mi0

while ‖mjy‖ ≥
1

4
,

|||mi0z||| ≥
1

4
while ‖mi0z‖ ≤ 8.

This completes the proof.
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3. The space X

We turn now to defining the Banach space X not containing any unconditional
basic sequence. The norm of the space is related to that of Xu introduced in the
previous section. Specifically, the norm will be defined by a family {Bj}∞j=0 of
subsets of c00 such that each Bj is contained in the set Aj used in the definition
of Xu. Let K be the norming set for Xu defined in Section 2. Note that K is
countable. We consider the set

G = {(x∗1, x∗2, . . . , x∗k) : k ∈N, x∗i ∈ K, i = 1, . . . , k and x∗1 < x∗2 < · · · < x∗k} .

Since G is countable, there exists a one to one function Φ : G −→ {2j}∞j=0 with the
following property:

For every (x∗1, . . . , x
∗
k) ∈ G, let j1 be minimal such that x∗1 ∈ Aj1 and jl =

Φ(x∗1, . . . , x
∗
l−1), l = 2, . . . , k. Then jl > jl−1, l = 2, . . . , k.

For n = 0, 1, 2, . . . we define by induction sets {Lnj }∞j=0 such that Lnj is a subset
of Kn

j and {Lnj }∞n=0 is an increasing family.
For j = 0, 1, . . . we set

L0
j = {±en : n = 1, 2, . . . }.

Suppose that {Lnj }∞j=0 have been defined and set for every j

Ln+1
2j = Ln2j ∪

{
1

m2j
(x∗1 + · · ·+ x∗d) : d ∈ N, x∗i ∈

∞⋃
t=0

Lnt ,

(supp x∗1, . . . , supp x∗d) isM2j -admissible

 ,

L′
n+1
2j+1 = Ln2j+1 ∪

{
1

m2j+1
(x∗1 + · · ·+ x∗d) : d ∈N, x∗1 ∈ Ln2k for some

k > 2j + 1, x∗i ∈ LnΦ(x∗1 ,... ,x
∗
i−1) for 1 < i ≤ d

and (supp x∗1, . . . , supp x∗d) isM2j+1 admissible

}

and

Ln+1
2j+1 =

{
±Esx∗ : x∗ ∈ L′n+1

2j+1, s ∈N, Es = {s, s+ 1, . . . }
}
.

This completes the definition of Lnj , n = 0, 1, 2, . . . , j = 0, 1, 2, . . . . It is obvious
that each Lnj is a subset of the corresponding set Kn

j .

We set Bj =
⋃∞
n=1 L

n
j and we consider the norm on c00 defined by the family

L =
⋃∞
j=0Bj . The space X is the completion of c00 under this norm. It is easy to

see that {en}∞n=1 is a bimonotone basis for X .

3.1. Remark. An alternative implicit definition of the norm of the space X is the
following. For x ∈ c00,
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‖x‖=max

‖x‖∞, sup
{ 1

m2j

n∑
k=1

‖Ekx‖, j ∈N, n ∈N, {E1 < · · · < En} is

M2j-admissible
}
, sup

{
|φ(x)| : φ ∈

∞⋃
j=0

B2j+1
} .

Hence, for j = 0, 1, 2, . . . and for x1 < x2 < · · · < xn in c00 such that
{supp x1, supp x2, . . . , supp xn} is M2j-admissible, we have that ‖

∑n
k=1 xk‖ ≥

1
m2j

∑n
k=1 ‖xk‖. In particular, setting j = 0 we get that X is an asymptotic-`1

space.

For ε > 0, j = 1, 2, . . . , (ε, j)-special convex combinations and (ε, j)-rapidly
increasing sequences are defined in X exactly as in Xu.

Using the above remark, one can prove the following result in the same manner
as Lemma 2.8.

3.2. Lemma. For j = 1, 2, . . . and every normalized block sequence {xk}∞k=1 in
X there exists a finite block sequence {ys}ns=1 of {xk}∞k=1 such that

∑n
s=1 asys is a

semi-normalized
(

1
m4

2j
, 2j
)

-s.c.c.

3.3. Proposition. Let
∑r
k=1 akxk be a

(
1
m2
j
, j
)

-s.c.c. defined by an
(

1
m2
j
, j
)

-basic

s.c.c.
∑n
k=1 akepk . Then for every s ≤ j and φ in Bs there exists ψ in As such

that ∣∣∣∣∣φ
(

n∑
k=1

akxk

)∣∣∣∣∣ ≤ 2ψ

(
mj

n∑
k=1

akepk

)
.

The proof of this is similar to the proof of Proposition 2.9.

3.4. Proposition. Let
∑n
k=1 bkxk be a

(
1
m4
j
, j
)

-rapidly increasing s.c.c. in X.

Then for i ∈ N, φ ∈ Bi, we have the following estimates:

(a) |φ(
∑k

n=1 bkxk)| ≤ 16
mimj

if i < j,

(b) |φ(
∑k
n=1 bkxk)| ≤ 8

mi
if j ≤ i < 2j1,

(c) |φ(
∑k
n=1 bkxk)| ≤ 4

mi−1
+ 4|bk0 | if 2jk0 ≤ i < 2jk0+1.

In particular, ‖
∑n
k=1 bkxk‖ ≤ 8

mj
.

This is proved similarly to Proposition 2.13.
The following proposition is the main result of this section.

3.5. Proposition. Let j > 100 and suppose that {jk}nk=1, {y∗k}nk=1 and {θk}nk=1

are such that

(i) Each yk is a

(
1

m4
2jk

, 2jk

)
-rapidly increasing s.c.c. in X, the sequence

{supp yk}nk=1 is Fs2j+1 -admissible and there exists a decreasing sequence

{ak}nk=1 such that
∑n
k=1 akyk is a

(
1

m4
2j+2

, 2j + 1
)

-s.c.c.

(ii) y∗k ∈ L2jk , y∗k(yk) ≥ 1
4m2jk

and supp y∗k ⊂ [min supp yk,max supp yk].
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(iii) 1
8 ≤ θk ≤ 4 and y∗k(m2jkθkyk) = 1.

(iv) j1 > 2j + 1 and 2jk = Φ
(
y∗1 , . . . , y

∗
k−1

)
, k = 2, . . . , n.

Let (εk)nk=1 be such that εk = 1 if k is even and εk = −1 if k is odd. Then

‖
n∑
k=1

εkakm2jkθkyk‖ ≤
100

m2j+2
.

Note that for {yk}nk=1, {y∗k}nk=1, {ak}nk=1, {θk}nk=1 satisfying the assumptions of
Proposition 3.5 we have that the functional ψ = 1

m2j+1
(
∑n
k=1 y

∗
k) belongs to B2j+1,

so

‖
n∑
k=1

akm2jkθkyk‖ ≥
1

m2j+1
.

Thus, the fact that X does not contain an unconditional basic sequence will follow
from Proposition 3.5, provided that we show the following:

For all j > 100, every block subspace Y of X contains a sequence {yk}nk=1,
satisfying the assumptions of Proposition 3.5.

Indeed, in Proposition 3.12 we show that, for arbitrary block subspaces U, V of
X , the vectors yk, k = 1, . . . , n, can be chosen to belong alternately to U and V ;
this implies that X is actually Hereditarily Indecomposable.

The proof of Proposition 3.5 is given in several steps. Our aim is to show that,
for every φ ∈

⋃∞
i=0 Bi,

φ
(∑

εkakm2jkθkyk
)
≤ 100

m2j+2
.

The cases φ ∈ B2j+1, φ ∈
⋃
i≥2j+2 Bi and φ ∈

⋃
i≤2j Bi are considered separately,

in Propositions 3.9, 3.10 and 3.11 respectively.

3.6. Lemma. Let
∑n
k=1 akxk be an (ε, j)-s.c.c. and i < j. Suppose that z∗l ∈

L, l = 1, . . . , d, and {supp z∗l }dl=1 is Mi-admissible. Let {kt}st=1 be a subset of
{1, . . . , n} with the following property: There exists a one-to-one correspondence
xkt → z∗lt , such that z∗lt(xkt) 6= 0, t = 1, . . . , s. Then

∑s
t=1 akt < mi · ε.

Proof. Let
∑n
k=1 akepk be the (ε, j)-basic s.c.c. that defines the s.c.c.

∑n
k=1 akxk.

It is easy to check that the set (epkt )
s
t=1 is Mi-admissible, hence

1

mi

s∑
t=1

akt ≤
∥∥∥∥∥

s∑
t=1

aktepkt

∥∥∥∥∥
i

< ε

and the proof is complete.

3.7. Lemma. Let y be a
(

1
m4

2j
, 2j
)

-rapidly increasing s.c.c. and z∗1 , . . . , z
∗
d be in

B2t1 , . . . , B2td , respectively, such that tk 6= j for all k = 1, . . . , d, supp z∗1 < · · · <
supp z∗d and 1

mi

∑d
k=1 z

∗
k ∈ Bi for some i < 2j. Then

|(z∗1 + · · ·+ z∗d)(y)| <
d1∑
k=1

16

m2tkm2j
+

d∑
k=d1+1

8

m2tk−1
+

1

m2
2j

,

where t1 < · · · < td1 < j < td1+1 < · · · < td.
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Proof. Let y =
∑l
n=1 anxn be the expression of y as a rapidly increasing

(
1
m4

2j
, 2j
)

-

s.c.c. First we notice that for 1 ≤ k ≤ d1, |z∗k(y)| ≤ 16
m2tk

m2j
(Proposition 3.4).

Set now

I =
{
k : k ∈ {d1 + 1, . . . , d} and there exists xn with supp xn ∩ supp z∗k 6= ∅

while supp xn ∩ supp z∗s = ∅ for s 6= k
}
.

For k ∈ I we set

Tk = {n : n ∈ {1, . . . , l}, supp xn ∩ supp z∗k 6= ∅ and

supp xn ∩ supp z∗s = ∅ for s 6= k}.
Now, for every k ∈ I∣∣∣∣∣

(
d∑

r=d1+1

z∗r

)(∑
n∈Tk

anxn

)∣∣∣∣∣ =

∣∣∣∣∣z∗k
(∑
n∈Tk

anxn

)∣∣∣∣∣
and since tk > j, by Proposition 3.4 we get (at worst)

∣∣z∗k (∑n∈Tk anxn
)∣∣ ≤ 4

m2tk−1
+

4ank for some nk ∈ Tk. Observe that the set {nk}k∈I satisfies the assumptions of
Lemma 3.6, so

∑
k∈I ank <

mi
m4

2j
< 1

m3
2j

. We conclude that∣∣∣∣∣∣
(

d∑
k=d1+1

z∗k

) ∑
n∈∪k∈ITk

anxn

∣∣∣∣∣∣ =

∣∣∣∣∣∑
k∈I

z∗k

(∑
n∈Tk

anxn

)∣∣∣∣∣ ≤
d∑

k=d1+1

4

m2tk−1
+

1

m3
2j

.

Consider now S = {1, . . . , l}\
⋃
k∈I Tk. The set S satisfies again the assumptions

of Lemma 3.6. On the other hand, since for every n, xn is a
(

1
m4

2jn

, 2jn
)

-s.c.c. with

2jn > 2j+2 > i, for n ∈ S we get by Proposition 3.3 that
∣∣∣(∑d

k=d1+1 z
∗
k

)
(anxn)

∣∣∣ <
4an. We conclude that∣∣∣∣∣

(
d∑

k=d1+1

z∗k

)(∑
n∈S

anxn

)∣∣∣∣∣ < 4
∑
n∈S

an <
4mi

m4
2j

<
1

m3
2j

.

This completes the proof.

3.8. Proposition. Let j, {jk}nk=1 and {yk}nk=1 be as in Proposition 3.5. Suppose
that 2j+1 < t1 < · · · < td, {j1, . . . , jn}∩{t1, . . . , td} = ∅ and {z∗s}ds=1 are successive
and such that z∗s ∈ B2ts for s = 1, . . . , d and 1

m2j+1
(z∗1 + · · ·+ z∗d) ∈ B2j+1. Then,

for every set of scalars (bk)nk=1,∣∣∣∣∣
(

d∑
s=1

z∗s

)(
n∑
k=1

bkm2jkyk

)∣∣∣∣∣ <
n∑
k=1

|bk|
1

m2
2j+2

.

Proof. It follows from Lemma 3.7, using the lacunarity of the sequence {mn}∞n=0.

3.9. Proposition. Let j, {jk}nk=1, {yk}nk=1, {θk}nk=1 and {εk}nk=1 be as in Propo-
sition 3.5.

For every φ in B2j+1 we have∣∣∣∣∣φ
(

n∑
k=1

εkakm2jkθkyk

)∣∣∣∣∣ ≤ 1

m2
2j+2

.
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Proof. Let φ = 1
m2j+1

(x∗k1−1+y∗k1
· · ·+y∗k2

+z∗k2+1+· · ·+z∗d), where x∗k1−1 = Esy
∗
k1−1

for some s and z∗k2+1 6= y∗k2+1, be the expression of φ as an element of B2j+1.

We set for k = 1, . . . , n, zk = εkakm2jkθkyk and w =
∑n
k=1 zk. Then

|(y∗k1
+ · · ·+ y∗k2

)(w)| = |(y∗k1
(zk1) + · · ·+ y∗k2

(zk2)|
= |ak1 − ak1+1 + · · ·+ (−1)k2−k1ak2 | ≤ ak1 .

Also, by Proposition 3.8,

|(z∗k2+1 + · · ·+ z∗d)(w)| ≤ |z∗k2+1(zk2+1)|+ |(z∗k2+2 + · · ·+ z∗d)(w)|

+

∣∣∣∣∣∣z∗k2+1

 ∑
k 6=k2+1

zk

∣∣∣∣∣∣ ≤ 32ak2+1 +
8

m2
2j+2

.

We conclude that

|φ(w)| ≤ 1

m2j+1

(
|x∗k1−1(w)| + |(y∗k1

+ · · ·+ y∗k2
)(w)| + |(z∗k2+1 + · · ·+ z∗d)(w)|

)
≤ 1

m2j+1

(
32ak1−1 + ak1 + 32ak2 +

8

m2
2j+2

)
<

1

m2
2j+2

.

3.10. Proposition. Let j, {jk}nk=1, {yk}nk=1 be as in Proposition 3.5.
If i > 2j + 1 and φ is in Bi, we have the following: For every set of scalars

(bk)nk=1∣∣∣∣∣φ
(

n∑
k=1

bkm2jkyk

)∣∣∣∣∣ ≤

∑n
k=1 |bk| 16

mi
if 2j + 1 < i < 2j1,

16
∑n
k=1

|bk|
m2j+2

+ 8|bk0 | if k0 is maximal with 2jk0 ≤ i.

Proof. The case 2j + 1 < i < 2j1 follows from Proposition 3.4 (a), the case 2jk0 ≤
i < 2jk0+1 and i > 2jn from Proposition 3.4 and the lacunarity of the sequence
{mn}∞n=0.

3.11. Proposition. Let j, {jk}nk=1, {yk}nk=1, {θk}nk=1, {ak}nk=1 and {εk}nk=1 be as
in Proposition 3.5.

For every i < 2j + 1 and φ in Bi we have∣∣∣∣∣φ
(

n∑
k=1

εkakm2jkθkyk

)∣∣∣∣∣ ≤ 100

m2j+2
.

Proof. Let {Ks(φ)}ms=0 be an analysis of the functional φ. We shall define a parti-
tion of {1, . . . , n} into four sets, W, I1, I2 and I3 and we shall consider the behaviour
of φ on each one of the corresponding subsets of {yk}nk=1 separately. We set

W =
{
k : k = 1, . . . , n, there exists a functional f in

m⋃
s=1

Ks(φ) such that

supp φ ∩ supp yk = supp f ∩ supp yk 6= ∅ and f ∈ B2j+1

}
.

For every k in W , we denote by fk the functional which is of maximal support
among the functionals f ∈

⋃m
s=1 K

s(φ) satisfying supp φ ∩ supp yk 6= ∅ and f ∈
B2j+1.

For k ∈W , fk is of the form fk = 1
m2j+1

(x∗t1 +y∗
tk1+1

+ · · ·+y∗
tk2−1

+z∗
tk2

+ · · ·+z∗d)

where x∗
tk1

= Ely
∗
tk1

for some l ∈N and z∗
tk2
6= y∗

tk2
.
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We set
W0 = {k ∈W : k > tk2}.

Claim 1.

∣∣∣∣∣φ
( ∑
k∈W0

εkakm2jkθkyk

)∣∣∣∣∣ ≤ 4

m2
2j+2

.

Proof. Let k ∈W0 and consider

fk =
1

m2j+1
(x∗t1 + y∗tk1+1 + · · ·+ y∗tk2−1 + z∗tk2

+ · · ·+ z∗d).

Then, for t ≥ tk2 , we have z∗t ∈ B2st , where 2st = Φ(y∗1 , . . . , y
∗
tk2−1

, z∗
tk2
, . . . , z∗t−1).

On the other hand, 2jk = Φ(y∗1 , . . . , y
∗
k−1). Since k > tk2 , we get jk 6∈ {stk2 , . . . , sd}.

Then, by Proposition 3.8, |fk(m2jkyk)| < 1
m2

2j+2
.

We conclude that

∣∣∣∣∣φ
( ∑
k∈W0

εkakm2jkθkyk

)∣∣∣∣∣ ≤ 4

m2
2j+2

.

Now consider the set W \W0. The segments {[tk1 , tk2]∩W}k∈W define a partition
of W \W0. We denote the mutually exclusive segments defined in this manner by
{Tσ}rσ=1 . We also set kσ = min{k : k ∈ Tσ}. Notice that

|fkσ (
∑
k∈Tσ

εkakm2jkθkyk)| ≤ 65akσ .

We set now

W1 =
⋃{

Tσ : for every f ∈
m⋃
s=0

Ks(φ) which strictly extends fkσ , we have

f ∈
⋃
q≤2j

Bq
}
.

Claim 2.

∣∣∣∣∣φ
( ∑
k∈W1

εkakm2jkθkyk

)∣∣∣∣∣ ≤ 1

m2
2j+2

.

Proof. Let
∑n
k=1 akepk be the

(
1

m4
2j+2

, 2j + 1
)

-basic s.c.c. which defines the s.c.c.∑n
k=1 akyk. We show that there exists a functional ψ with ‖ψ‖∗2j ≤ 1 and such that∣∣∣∣∣φ

( ∑
k∈W1

εkakm2jkθkyk

)∣∣∣∣∣ ≤ 65

∣∣∣∣∣ψ
(

r∑
σ=1

akσepkσ

)∣∣∣∣∣ < 1

m2
2j+2

.

We follow the same procedure as in the proof of Proposition 2.9. For every f in⋃m
s=0K

s(φ) which extends some fk, k ∈W1, we set

Df = {σ : kσ ∈W1 and f extends fkσ},
and define a functional gf with ‖gf‖∗2j ≤ 1 and such that

1) supp gf = {pkσ : f extends fkσ},
2) |f(

∑
σ∈Df

∑
k∈Tσ εkakm2jkθkyk)| ≤ 65gf(

∑
σ∈Df akσepkσ ).

The inductive construction is as follows:
Suppose that gf has been defined for every f ∈ Ks−1(φ) which extends some fk,

k ∈W1. Let f ∈ Ks(φ). If f = fkσ for some kσ ∈W1 then we set gf = e∗pkσ . Then
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|f(
∑
k∈Tσ εkakm2jkθkyk)| ≤ 65akσ ≤ 65akσgf (epkσ ). If f strictly extends some fk,

k ∈ W1, then by the definition of W1, f is of the form 1
mq

(f1 + · · · + fd) where

q ≤ 2j and the set {supp f1, . . . , supp fd} isMq-admissible. Then for t = 1, . . . , d
either ft extends some fk for k ∈W1 and the function gft has already been defined
or supp ft∩ supp yk = ∅ for all k ∈W1. We set I = {t : t = 1, . . . , d and ft extends
fk for some k ∈W1} and

gf =
1

mq

∑
t∈I

gft .

It is easy to check that the set {supp gft : t ∈ I} is Mq-admissible. Hence, by the
inductive assumption we get ‖gf‖∗2j ≤ 1.

Property (2) is also clear. This completes the proof of Claim 2.

We set W2 = W \ (W0 ∪W1).

Claim 3.

∣∣∣∣∣φ
( ∑
k∈W2

εkakm2jkθkyk

)∣∣∣∣∣ ≤ 32

m2j+2
.

Proof. If Tσ ⊂ W2 then there exists a function f ∈
⋃m
s=0 K

s(φ) strictly extending
fkσ and such that f ∈ Bq for some q ≥ 2j+2. Then f is of the form 1

mq
(f1 + · · · fd)

where, for some t = 1, . . . , d, ft extends fkσ . So Tσ ⊂ supp ft. So, for k ∈ Tσ,

|f(m2jkyk)| = 1

mq
|ft(m2jkyk)| ≤ 8

mq
≤ 8

m2j+2
.

We conclude that |φ(
∑

k∈W2
εkakm2jkθkyk)| ≤ 8

m2j+2
. This completes the proof of

Claim 3.

Set now

I1 =
{
k : k = 1, . . . , n, k 6∈W and for every f ∈

m⋃
s=0

Ks(φ) such that

supp f ∩ supp yk = supp φ ∩ supp yk 6= ∅ we have that f ∈
⋃
q≤2j

Bq
}
.

Claim 4.

∣∣∣∣∣φ
(∑
k∈I1

εkakm2jkyk

)∣∣∣∣∣ < 1

m2
2j+2

.

Proof. We prove that there exists a functional ψ such that ‖ψ‖∗2j ≤ 1 and∣∣∣∣∣φ
(∑
k∈I1

εkakm2jkyk

)∣∣∣∣∣ < 64ψ(
∑
k∈I1

akepk).

This procedure is the same as in the proof of Proposition 2.9, using the fact that
|f(m2jkyk)| < 16

mq
for f ∈ Bq, q < 2j + 1 (Proposition 3.4 (a)).

If now k ∈ {1, . . . , n} \ (W ∪ I1) then there exists a functional f ∈
⋃m
s=0K

s(φ)
such that supp φ∩supp yk = supp f ∩supp yk 6= ∅ and f ∈ Bq for some q ≥ 2j+2.
Then by Proposition 3.10, |f(m2jkyk)| < 16

m2j+2
, unless 2jk ≤ q < 2jk+1.
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We set

I2 =
{
k : k 6∈W

⋃
I1 and there exists f ∈ ∪ms=0K

s(φ) such that supp f ∩

supp yk = supp φ ∩ supp yk 6= ∅and such that |f(m2jkyk)| ≤ 16

m2j+2

}
and

I3 = {1, . . . , n} \ (W ∪ I1 ∪ I2).

It is easy to see that if k ∈ I3 then the following holds:
There exists fk ∈

⋃m
s=0K

s(φ) with supp f ∩ supp yk = supp φ ∩ supp yk 6= ∅
such that

(i) fk ∈ Bq where 2jk ≤ q < 2jk+1

(ii) For every f ∈
⋃m
s=0 K

s(φ) such that supp f∩supp yk = supp φ∩supp yk 6= ∅
and f 6= fk, f ∈

⋃
p≤2j Bp.

Note that if k1 6= k2 belong to I3 then supp fk1 ∩ supp fk2 = ∅. This allows us
to prove the following:

Claim 5.

∣∣∣∣∣φ
(∑
k∈I3

εkakm2jkθkyk

)∣∣∣∣∣ < 16

∥∥∥∥∥∑
k∈I3

akepk

∥∥∥∥∥
2j

<
1

m2j+2
.

Proof. The proof is again as in Proposition 2.9.
For f ∈

⋃m
s=0 K

s(φ) we set

Df = {k ∈ I3 : supp φ ∩ supp yk = supp f ∩ supp yk 6= ∅ and f extends fk}

and we define gf with supp gf = {pk : k ∈ Df}, ‖gf‖∗2j ≤ 1 and such that
|f(m2jkyk)| ≤ 16gf(epk) for every k ∈ Df .

The inductive step is as follows:
If f ∈ Bq for some q ≥ 2j + 2 then either Df = ∅ in which case we set gf = 0 or

f = fk and Df = {k} for some k ∈ I3. In the latter case we set gf = e∗pk .

Suppose now that f ∈
⋃
p≤2j Bp, f = 1

mp
(f1 + · · · + fd); if f extends fk for

some k ∈ I3 then we set gf = 1
mp

(gf1 + · · ·+ gfd). Otherwise, we set gf = 0. This

completes the proof of the Claim 5.

By Claims 1, 2, 3, 4 and 5 we conclude that∣∣∣∣∣φ
(

n∑
k=1

εkakm2jkθkyk

)∣∣∣∣∣ ≤ 100

m2j+2
.

3.12. Proposition. Let (xi)i∈N, (wi)i∈N be two normalized block sequences in
the space X. Then there exist {yk}nk=1, {y∗k}nk=1, {θk}nk=1, {ak}nk=1, satisfying the
assumptions of Proposition 3.5 and such that, for k odd, yk is a block of (xi)i∈N

while, for k even, yk is a block of (wi)i∈N.

Proof. Let j be given. We choose inductively a sequence {nl}∞l=0 ⊂ N, (n0 = 2),
and vectors ul,A ∈ X , u∗l,A ∈ X∗, l = 1, 2, . . . , A ⊂ {1, . . . , l − 1} such that

(a) For every l and A ⊂ {1, . . . , l − 1}, ul,A is a block of (xi)i∈N if #A is even
and ul,A is a block of (wi)i∈N if #A is odd.

(b) For every l = 1, 2, . . . and every A ⊂ {1, . . . , l− 1} the vectors ul,A and u∗l,A
are supported inside (nl−1, nl].
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(c) Each ul,A is a
(

1
m4

2s
, 2s
)

-rapidly increasing s.c.c., u∗l,A ∈ B2s and u∗l,A(ul,A)

≥ 1
4m2s

where s > 2j + 1 if A = ∅ and 2s = Φ(u∗l1,∅, u
∗
l2,A1

, . . . , u∗lk,Ak−1
) if A =

{l1 < · · · < lk} and Ai = {l1, . . . , li}, i = 1, 2, . . . , k − 1.
The inductive construction is straightforward.

Choose now F ⊂ {nl}∞l=1, F = {nl1, . . . , nlk} ∈ Fs2j+1 such that a convex

combination
∑
nl∈F alenl is a

(
1

m4
2j+2

, 2j + 1
)

-basic s.c.c.

For i = 1, . . . , k − 1, set Ai = {l1, . . . , li}. Then it is easy to check that the
sequence

ul1,∅, ul2,A1 , . . . , ulk,Ak−1

and the corresponding one in X∗ have the desired properties.
The following corollary is an immediate consequence of 3.5 and the previous

proposition.

3.13. Corollary. The Banach space X is Hereditarily Indecomposable. In partic-
ular X does not contain any unconditional basic sequence.
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